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NGUYEN VU THANH - TRAN MINH CHIKN 


(faU iai tdfc 

HlNH HOG 11 


NHA XUAT BAN 

DAI HQC QUdC GIA HA NOI 


Ddn vj Iten k& : 

Cdngtysodbhoah6ng 




TWi/ddu'> 


Quyen sach GIAI BAI TAP HtNH HQC 11 nay dUQc 
bi$n soan theo chi/ong trinh Hinh hoc 11 hien hAnh, 
duoc trinh bdy nhu sau 

- Tom tit kien thtfc. 

- Phi/dng phap giai bai t$p. 

- Bai tap tim them. 

Nh&m giup cac em khdng co dtSu ki&n 6n tap theo 
nhdm co tii lieu tham khAo 6n tip, ren luy$n ho$c 64 
so sdnh vdi k6t qud ti/ 6n tip d nhd cua minh. 

Quy thdy co vd quy phu huynh xem day nhu tii li$u 
tham khao thdm. 


Chung tii xin chdn thdnh don nhin y ki4n xdy di/ng 
t(J quy doc gii 


NHOM BIEN SOAN 
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Ci, M,,; I PHIP DOfl HiNH VA PHEP DONG DANG 

TRONG MAT PHANG 

■ 


§1. PHEP BIEN HINH 
§2. PHEP TINH TIEN 


A. KIEN THL/C CO BAN 

t. Dinh nghla phep bien hinh 

Quy tic dat lifting uTng moi diem M cua m&t phlng vdi mot diem xac dinh 
duy nhat M’ cua mat phang do diftlc goi la phep bien hinh irong mat phlng. 

2. Dinh nghfa phep tinh tien 

Trong mat phlng cho veetd v. Phep bien hinh bien moi diem M thanh diem 
M* sao cho MM' = v diftlc goi la phep tinh tien theo veetd v 

T*(M) = M’ « MM* - v. 


3. Cac tinh chit 

a Tinh chat i: Neu T- (M) = M\ (N) = N’ thi M'N' = MN va tit do suy ra 
M’N’ - MN. 

h Tinh chat 2: Phdp tinh tien bien difdng thing thanh di/clng thing song 
song ho&c trung vdi no, bien doan thing thanh doan thing bhng no, bien 
tarn giac th^nh tam giac blng no, bien dtfdng iron thanh difdng iron cung 
ban kinh. 


4. Bieu thtfc tpa dp 

Trong mat phlng toa do Oxy cho phep tinh tien theo u = (a; b) 


Gia si t T a M(x; y) h-> M’(x’; y’). Ta co: 


x' = x + a 
y' = y + b 



B. PHlfONG PHAP GIAI BAI TAP 

I. Chufng minh rang: M' = T-(M) o M = T_-(M'). 


Ta co: M’ = T- (M) MM' = v <=> NfM = - v o M = T c (M’) 
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2. Cho lam giac ABC c6 G \h trong lam. Xac dinh anh cua lam gia : ABC quia 


II*-"*g '>•■* 



veclct AG bien D th&nh A. ^ tips *' 

DiTng c<c hinh binh h&nh 

ABB'G v* ACC'G. Khi 66 anh 

cua lam giac ABC qy<* phep 
_ -LJL* 

tinh lien iheo vecld A(1 J| |am 

giac GB'C. 

, B 

Dung diem D sao cho A 1£ irung 

didm cua GD. Khi do 

DA = AG. Dodo T— (D) = A. fl ., c , 

3 . Trong mat phing toa dO Oxy cho vectct v = (- 1 ; 2), hai diem A(3; 5), 

B(-l; 1) va dtrftng thing d Co phifdng trinh x - 2y + 3 = 0. 

a) Tim toa do ciia cac di£m A', B' theo thuf tu la anh cua A. B qua ph£p itinh 
lien theo v , \ 

b) Tim toa do cua diem C sao cho A la anh cua C qua phep tinh lien theo v. 

c) Tim phifdng trinh cua diffrng Ih&ng d* 1^ anh cua d qua phep linh lien theo vv. 

tflal 

Bi^u thdrc toa do cua ph6p linh lien la f X a <r>| X 

[y' = y + b [y>y + 2 

a) Toa dft A’ M inh cua A qua T* la i* A ' "* A _1 = 2 => A’(2; 7) 

.'•••id . • • M ■ :• ■ '' ii [[ ! IjMa’ r^A ^ 7 •; 


mh .on v. 


:.fh Hi: 


Ti/dngttf T^(B) = Bt-2; 3) 

b) A = T~(C) => C = (A) = ( 4; 3). 


6 b hot ufisBi 


c) Goi M(x; y) thuOc d, M* = T 5 (M) = (f; y’). ; 

Khi do x’ = x - 1, y‘ = y + 2 hay x = x' + 1, y = y’ - 2. 

Ta c6 M € d x - 2y + 3 = 0 « (x’ + 1) - 2(y* - 2) + 3 = 0 

o x* — 2y’ + 8 = 0 <=> M* € d' cq phifdng trinh x - 2y + 8 = Q. 

' A? - A t I/• •.■ v : " 1 ' ' ■ i 

Vay d’ co phifdng trinh x - 2y 4- 8 = 0. 

4. Cho hai difclng th&ng a va b song song vdi nhau. Hay chi ra mot phep tijnh 
lien bien a thanh b. Co bao nhieu ph<$p linh lien nhifthc? 
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lay hai diem A \i\ B hat k'l theo thu' ti/ thuoc a va b. Khi do phdp tinh lien 
thco vecto AB se bien a thanh h. Vay c6 vo so phep tinh lien bien a thanh b. 

C. B\l TAP LAM THEM 

1. Mot hinh bmh hanh ABCD co hai dinh A, B co dinh, con dinh C thay doi tren 
not discing iron (O). Tim quy tich dinh D. 

-Huffing iffin 

ABCD la hinh hinh hanh nen: CD = BA . Phep tinh 
ten T— bien C thay doi tren dirtfng tron (O) thi 

qjy tich dinh D \k diflftng tron (O’) anh cua difftng 
tion (O) qua phep tinh lien T— . 

BA 

2. Cho hai dtfcJng tron (O) va (O’) va hai diem A, B. Tim diem M tren (O) va 
deni M’ tren (O’) sao cho MM' - AB . 

-Huffing ?ffin 

M can tim la giao diem (neu co) cua (O’) vdi dirdng tron (O t ) anh cua (O) 
cua phep tinh lien AB . 

3. Irong mat phting tpa do Oxy cho dtfcfng tron (c) co pht/Png trinh: 

x 2 -t- y 2 - 2x + 4y - 4 = 0. 

Am anh cua (C) qua phep tinh lien veetd v = (-2; 3). 

PS: (x + 1) 2 + (y - 1) 2 = 9. 



§3. PHEP DOI XlfNG TRUC 


A. CIEN TH (JC CO BAN 
1. 0mh nghla 

Cho difclng thang d. Phep bien hinh bien moi 
iiem M thuoc d thanh chinh no, bien moi diem M 
thong thuoc d thanh M' sao cho d la di/frng trung 
rifle cua doan thSrig MM' diflpc gpi la phdp d6i 
tiiftig qua difftng thting d hay phep doi xufhg true d. 

lifting thang d dtSOc goi la true cua phep doi 
ujfng true hoac dOn gian \k true doi xtfng. 

3 hep doi xting true d thuftng dtfdc ki hieu la D L ,. 


M 



M' 


d 
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2. Bieu thufc tpa dQ 

Bieu thufc tpa do cua phdp doi xuTng qua true Ox \k 


x = x 

Y = -y 


3. Cdc tmh chtft 

Tfnh chd't I: Ph6p d6i xtfhg true bao lo&n khoang each giflTa hai diem bat ki 
Ttnh chat 2: Phep doi xuTng true bi£n dtftfng thing thiinh dtfdng thing, bi(?n 
doan thing th&nh doan thing blng no, bien tam giac thanh tarn gi<1c blng 
no, bien dirdng tr6n thanh dtfftng trdn cung ban kinh. 

4. Tam ddi xuTng cua ro$t hinh 

Djnh nghfa: Btfdng thing d dt/c^c goi la true doi xtfng cua hinh M neu phep 
d6'i xuTng qua d bien *)/th&nh chinh n6. 


Khi do ta n6i *'M\k hinh c6 true doi xtfng. 


B. PHtfCfNG phap giai bai tap 

1. Trong mat phlng Oxy cho hai diem A(l; -2) va B(3; I). Tim anh cua A, B va 
diftfng thing AB qua phep doi xuTng true Ox. 

tflAl 

Goi A\ B’ lan lum Ik anh cua A, B qua phep doi xuTng true Ox la co: A’(l; 2), 
B ( 3; -1). 


Phtfdng trinh dtfPng thing A’B’ la: 

x — I y-2 x — 1 y-2 

- -J. - <_>-= -- 

3-1 -1-2 2 -3 


<=> 3x + 2y - 7 = 0. 


Dtfdng thing A’B’ la anh cua dtfdng thing AB qua phep doi xuTng true Ox 

2. Trong mat phlng Oxy cho di/clng thing d co phtfdng trinh 3x - y + 2 = 0. Viet 
phi/tfng trinh cua difdng thing d’ Ik anh cua d qua phep doi xuTng true Oy. 

C)iAi 

Lay hai diem A(0; 2) va B(—1; -1) thuoc d. Goi A’ = D (()y) (A), B f = D (Uy) (B). 
Khi do A*(0; 2), B’( 1; -1). Vay d* co phtTPng tiinh y = — —, hay $x + y - 2 = 0. 

Cdch khde. Goi M’(x’; y’) 1 k anh cua M(x; y) qua phep doi xuTng true Oy. Khi 
66 x’ = -x vk y* = y. 

Ta c6 M € d o 3x - y + 2 = 0 <^> -3x‘ - y* + 2 = 0 o M' thuoc dudng 
thing d’ co phiftlng trinh 3x + y - 2 = 0. 
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3. Trong cac chfir cai sau, chi? nao la hinh c6 true doi xufng? 


w 

V I E T N A M 

O 

lit: Cac chuf cai V, I, E, T, A, M, W, O la nhtfng hinh co true doi xufng. 

c bai tap lam them 

1. Trong mat phlng toa dp Oxy, cho dtrffng tron CO' (x 1 Y + (y + 1) = 4. 

Viet phi/dng trinh anh cua CO qua phep doi xtfng c6 true Ox. 

Dap so: (x - 1 ) 2 + (y 1 ) 2 = 4 

2. Tam giac MND goi la noi ticp trong tam giac ABC ncu ha dinh cua MND 
nhm tren ha canh cua tam giac ABC. Hay tim lam giac noi ticp tam giac 
ABC cho trifdc sao cho no c 6 chu vi nho nhat. 

-tiding ?4n: D la chan di/dng cao AABC; M, N lan li/pt la giao diem cua 
D,D 2 vdi AB va BC (vdi D|, D? la cac diem doi xtfng cua D qua AB va BC). 

3. Cho tam giac ABC vefi trite tarn H. 

a) Chi'rng minh ring cac di/dng tron ngoai ticp cac tam giac HAB, HBC, 
HCA co ban kinh hang nhau. 

h) Gpi Oi, 0 2 , O3 la tam cac difclng iron noi tren. Chtfng minh ring dtfdng 
tron di qua ha diem 0|, 0 : , Orbing difttng iron ngoai ticp tam giac ABC. 

'titling ?an: Cac difefng iron ngoai ticp AifAB, AHBC, AHCA co ban kinh 
bang vpi during tron ngoai ticp tO) ciia AABC do diem doi xurng cua H qua 
cac canh AABC nlm tren (O). 
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§4. PHEP DOI XlfNG TAM 


A. KIEN 








1. Djnh nghla 

Cho diem I. Phdp bien hinh bierflfiem I thanh chinh no, bien moi di£m M 
kh3c I th&nh M' sao cho I la trung diem cua doan thing MM' difdc goi la 
phdjpdoi Xtfng t&tn f. 


2. Bieu there tpa dp cua phep doi xufng qua goc tga dp u 

i- — | t 4. j .i •/ | / if -i y i i ij.s) wnfAjh i )tl j (xf(z& *-*j| *• 

Cho M(x; y), M' = D 0 ( M) = (x*; y'), khi d6 \ , 

,1 .:;o ■ ,nY f > inf. ■ y mny . .. 


3. Tfnh chat 

tinh chat 1: Neu D,(M) va D,(N) = N* tW NTN 5 = --MN, tCf dd suy ra 
* M¥ = MN. 

Tinh chat 2: Phep doi xtfng tarn bien di/dng thing thanh difdng thing 
song song hoac trung vdi n6, bidn doan thing th&nh doan thing bS'flg n , 
bien tarn giic thanh tarn giac b&ng no, bien dtf&ng trdn th&nh dirdng tron 
ciing ban kinh. 


4. Tam ddi xufng cua m$t hinh 

Dinh nghia: Diem I dtfdc goi la tarn doi xdng cua hinh ’lieu phdp doi \tfng 

iim I thanh chinh n<5. . 

, mh wrA fpM « noli cyA 1 u ,u n!\>rr> <y» f.ujj m o<m 

Khi do ta n6j ^la hinh c6 tam dpi xtfng. 

B. PHl/dNG PHAP GlAl BAf TAP 

1. Trong mat phing toa do Oxy cho diem A(-l; 3) v£ dtftfng thing d cd phxfdng 
trinh x - 2y + 3 = 0. Tim anh cua A v& d qua phep doi xtfng tarn O. 

tflal 

*7 A 

Anh cua A qua phep doi xufng lam O la A’( 1; -3). 

Goi M’(x*; y’) la anh cua M(x; y) qua phep doi xtfng tarn O. 

Khi do x’ = -x, y’ = -y. 

Ta co M € d o x - 2y + 3 = 0 o -x’ + 2y’ + 3 = 0ox’ - 2y’ 3 = 0 

o M’ thuoc dtffrng thing d’ed phiftlng trinh x - 2y 3 = 0. 
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2- Tr ng cat hinh lam giac dcu, hinh hinh hanh, ngu giac deu, luc giac deu, 
hirh nao to lam doi xufng? 

< ~L , a lit: Hinh hinh hanh va luc giac dcu la nhufng hinh co lam doi xtfng. 

3. Tin mot hinh co vo so lam doi xufng. 

‘T 4 * lid: Dufrng thing va hinh gam hai dtfdng thing song song la nhufng 
him to vo so lam doi xtfng. 

C. B^l TAP LAM THEM 

1. Op got xAy va O la mot diem trong got* do. Hay dtfng qua O duftng thing 
tilt hai canh Ax, Ay iheo ihu' li/ la i M, N sao cho O la irung diem cua MN. 

-Htifnq dan: Di/ng diem A’ doi xufng vefi A qua O. Khi do lit giac AMA’N la 
him hinh hanh. 

2- I)ing hinh hinh hanh biet irung diem ba canh cua no la M, N, P. 

-Hiifnq dan: Difng N’ la diem doi xufng cua N qua Irung diem cua MP. 


§5. PHEP QUAY 


M' 



A. KIEN THL/C Cd BAN 

1 Bjni nghTa 

Ch< diem O vl g6c lifting giac a. Phep biefn 
hint bien O lhanh chinh no, bien mfii dit?m M 
kha: O lhanh diem M' sao cho OM' = OM va got* 
liftfig giac (OM; OM') being a diftlc gqi la phep 
qua/ lam O g6c ex . 

’ • . , • i ; 5 ; i . - .■ i i • 

Bien O diftJc goi la lam quay edn cx dtftfe goi la goc quay cua phep quay do. 
Phd> quay lam O goc a ihtfcfng diftfe ki hipu la Q (G a ^ 

2. Tin) chat 

Tim chat I: Phep quay bao loan khoang each giufa hai diem bal ki. 

Tint chat 2: Phep quay bien duftng lhang lhanh dtfdng thing, bien doan 
thaig lhanh doan thing bang no, bien lam giac lhanh lam giac blng no, bien 
dtffng iron lhanh difefng Iron cung ban kinh. 
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B. PHl/ONG PHAPGIAI BAI TAP 

1. Cho hinh vuong ABCD tarn O. 

a) Tim inh cua di£m C qua phdp quay tam A 

goc 90°. 

b) Tim anh cua dtfftng thing BC qua ph£p 
quay tarn O goc 90°. 

6juti 



a) Gpi E l& diem doi xtfng vdi C qua tam D. 

Khid6 Q «a.^, (C) = E - 

b > <W,< B > = C ’ Q ,o.yo", (C) = D - 

Vay anh cua di/dng thing BC qua phep quay 
tam O goc 90° la di/dng thing CD. 

2. Trong m2t phing toa do Oxy cho diem A(2; 0) va dtfcfng thing d ao phuAtng 
trinh x + y - 2 = 0. Tim anh cua Avid qua phcp quay tam O goc 90°. 

Gpi B la anh cua A qua phcp quay 
Q (0 ) , ta co B(0; 2); AviB thuoc d. 

Taco: A’= Q x „ (B) = (-2;0) 

Vay anh cua d qua phep quay tam O 
g6c 90“ la difftng thing BA' co phiTdng 
trinh x - y + 2 = 0. 

C. BAI TAP LAM THEM 

1. Cho doan thing AC va B tren doan AC (B khac A va C). Ve ciing mint phiia doi 
vdi dtfilng thing AC dtfng hai tam giac dcu ABE v£ BCF. Gpi M \h IN lain Itfpt 
lii trung diem cua AF va CE. Chutag minh ring tam giac BMN la tam gUc dcu. 

-Htftnfi i4m: Su f dung phcp quay Q(B, - — ). 




2. Cho AABC. Difng cac hinh vuong ABDE va ACFG sao cho D, C tthupec m«it 
phing ddi nhau txt AB, B v£ F thuoc hai m|t phing doi nhaui \kV AC. 
Gpi M t N lan lifpt la trung diem CE xh BG. Chutag minh AMN la tami giac 
vuong can. 


•Hst&ng i&m: Sir dung phep quay Q( A, 


71 


2 


)- 
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§6. KHAI NIEM VE PHEP DOfl HINH 
VA HAI HINH BANG NHAU 

A KIEN THlfC Cd BAN 

1. Khai niem ve phep ddi hinh 

Ofnh nghia: Phep ddi hinh la phep bien hinh bao loan khoang each giufa hai 
dieni bat ki. 

2 . Tinh chat 

Phep ddi hinh: 

1) Rien ba diem thing hang thanh ba diem thing hang va bao toan thuf tiT 
gitfa cac diem; 

2) Bien dtfdng thing thanh di/dng thing, bien tia thanh tia, bien doan thing 
thanh doan thing bang no; 

i) Bien lam giac thanh tam giac bang no, bien goc thanh goc bang no; 

4) Bien di/dng iron thanh di/dng iron co cung ban kinh. 

3. Khai nif m hai hinh bang nhau 

Djnh nghTa: Hai hinh di/tfc gpi la bang nhau neu co mot phep ddi hinh bien 
hinh nay thanh hinh kia. 

B. PHlfCJNG PHAP GIAI BAI TAP 

1. Trong mat phing Oxy chocat* diem A( 3; 2), B( 4; 5) va C( -1; 3). 

a) Chtfng minh ring cac dic?m A'(2; 3), B*(5; 4) va C'(3; 1) theo thurtif la anh 
cua A, B va C qua ph£p quay tam O g6c -90°. 
h) Goi tam giac A,B,C, anh cua tam giac ABC qua phep ddi hinh co dt/dc 

bang each thtre hien lien liep phep quay tam O goc -90° v& phep doi 
xflng qua true Ox. Tim toa do cac dinh cua tam giac A,B,C,. 

6jldi 

al Ta co OA = (-3; 2), 

OA f = (2; 3) va OA OA'-O, 
ttf do suy ra goc Idling giac 
(OA; OA’) = -90°. Mat khac, 

OA = OA’ = y/\3. Do do phep 
quay lam O goc 90° bien A 
thanh A*. 

Tddng id OBOB* OCOC = 0 



GUT MNHMQC II - 13 



va obsob;.- oc - pc - « 

» •-*> , « ?, ' 
r: / 

Ct->C 


Do do Q k : B M> B' L 
x (0, Vr ■ * 


/! j / ; 

f I /: I f 1 1 y I 


a as 'o: 



A'B C* thi n6 cfing bieiv trprtg tam cua ram giac ABC tufting drng thdnh Trdng 

a da lidi / u-\ dfti/i 


iAA 


b) Goi tam giac A,B,C| la anh cua tam giac A’B’C’ qua phep doi xtfng true 
Ox. Khi d6 A,(2; -3), B,(5; -4), C,(3; -1). dft,d * ob qdft y 

2. Cho hinh chtfnhat A BCD. Goi E, F, H, K, O, I, j lan liftft la trung diem cua 
ede canh AB, BC, CD, DA, KF, HC, KO. Chtfng minh hai hinh thang AEJK 
vd FOIC blng nhau. 

CjtiL A 

Goi G Id trung diem cua OP. Phep doi 
xtfng qua difdng thing EH bien hinh thang 
AEJK thanh hiWh thang BEGF. Phep unh k\ 
lien theo veetd EO bicn hinh thang BEGF 
thanh hinh thang FOIC Nen hai hinh thang 
AEJK va FOIC bang nhau. 

3. Chtfng minh ring: Neu mot phep ddi hinh bhfh tafn gidc ABC thanh lam giac 
A'BC* thi n6 cting bien 
tam cua tam gidc A’B'C'. 

tjuti 9 AT lAa IA10 9AH9 0HDUH9 .8 

Goi phep.ddi hinh do id RJ Do F bien cic doan thing AB, BC tirong #ng 
dnthifibc^ijido^n thing A&VB’G’ nenmtfcflngibi^ncac trung diem Ml N cua 
ede doan thing AB, BC ttfdng ting th<?q jtbu'lj/ th&nh <$c trung diem M’, N’ 
th$ fig,>f ; iV$J5;jfj;itrung iuypn AM, CN qua 
AABC ti/dng dng thdn}i ede trung tuyep A'M\ C'ty' cua. AA’jBXJ". Ttf d6 suy ra 
* F^ientrong tam G cfla AAtic Ifa gidp cua AM vd dN thanh trong tim G' cua 
AA B C Id giao cua AM vd C N. 

C. BAI TAP LAM THEM 

Cho hai hinh thoi ABCD va A'B'CD' c 6 AC = A'C’, BD = B’D'. Chfirrig minh 
ring hai hinh thoi d6 bdng nhau. 

P\ J a - 

’Tiring can 

Goi O va O’ lan li/dt la tarn cua hai hinh thoi ABCD vd A’B’C’D*. Ro rdng 
hai tam giac OAB vd O’A’B’ blng nhau ndn c6 phdp ddi hinh F bien O, A, B 
lan li/dt thdnh O’, A’, Bi\ Vi F bao ton khoaiigedeh vd thtf it/ cua ede diem 
nen F bien C thdnhC’, D thanh D\ Vay F bien ABCD thanh A’B’d'b*,'nghla 
Id hai hinh thoi dd bang nhau. 


/(}./(> tl / (*" 

: : ur.otif ';■')!] j,: 
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§7. PHEP VI Tl J 


A KIENTHI/C cd BAN 


1. Djnh nghia 

Cho diem O va so k * 0. Phep bien 
hinh bien moi diem M thanh diem M* 


M' 



sac cho OM'-k.OM difdc goi la 
phep vi tir tam O, ti so k. 

Phep vi tir tam O, ti so k thirttng di/dc 
ki hieu la V (Gk ,. 

2. Tinh chat 

Tinh chat I: N6u phep vi tif ti so k bien hai diem M, N tuy y theo thtf ti i 
thanh M\ N' thi MW = k.MN va M'N' = Ikl.MN. 

Tinh chat 2: Phep vi tif ti so" k: 

a) Bien ba diem th<1ng hang thanh ba diem th^ng hang va bao loan thtf tif 
gitfa cac diem ay. 

b) Bien difdng th&ng thanh dtfcfng th&ng song song ho&c trung vcfi no, bien tia 
thanh tia, bien doan lhang thanh doan th&ng. 

c) Bien tam giac thanh tam giac dong dang vdi no, bien goc thanh goc b&ng no. 

d) Bien dirdng tr6n ban kinh R th^nh dtfdqg trdn ban kinh IkIR. 

3. T^m vj tt/ cua hai difdng trdn 

Djnh It: Vcli hai difdng tron bat ki luon co mot phep vi tif bien dtfcfng trdn 
n^y fh;\nh difdng tron kia. 

Tam cua phep vi ttf d6 dtfdc goi la tarn vi ttf cua hai difdng iron. 

B.PHLfONG PHAP GIAI BA I TAP 

; v\ Q\ 1 * .n lmO in ‘ : i* 

1. Cho tam giac ABC o<3 ba goc nhon va H la trtfc tam. Tim > . 


anh cua tam giac ABC qua phdp vi ttf tam H, tt so — • 


CjlAl 


"7 

Anh qua A, B, C qua phep vi tir 
V, , Ian Itfdt la trung diem cua 

[ H -J 


•>!f 


cic canh HA. HB, HC 


l 




1 


vi HA =-HA ; HB’ = - HB ; HC = -HC 

2 2 2 
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Khi do OM' kOM , OM" pOM' pkOM. Tit do suy ra M" = V (0pk) (M). 
Vay ihi/c: hicn lien ticp hai phep vi ti t V (0k| va V (() sc difdc phcp 
> if v ,.). rkl . 

C BA I TAP LAM THEM 

Oho hai dating iron (O) va (O’) c6 ban kinh khac nhau ticp xuc ngoai vdi 
nhau vdi mot diem M tren (O) Difng mot dicing trdn di qua M va ticp xuc 
vdi hai (lifting iron (O) va (O'). 

R' 

-Htf&hg iAn: Xet phcp vi lif V lam I ti so hicn (O) thanh (O') (I la giao 

R 

diem MN vdi OO’). 


§8. PHEP DONG DANG 


A KIEN THl/C Cd BAN 


1 Djnh nghla 

Phcp hicn hinh F diftfc gpi la phep dong dang ti so k (k > 0), ncu vdi hai 
diem M, N bat ki va anh M\ N’ lifting tfng cua chung ta luon co M N' = kMN. 


2 Tmh chat 

Phcp dong dang ti so k: 

a) Bicn ba diem thing hang thanh ba diem thing hang va bio loin ihuf tuf 
giura cac diem ay. 

b) Bicn dating thing thanh difting thing, bicn tia th;\nh tia, bicn doan thing 
thanh doan thing. 

c) Bicn lam giac thanh lam giac dong dang vdi no, bicn goc thanh got* bang no. 

d) Bicn di/ting tron ban kinh R thanh dating Iron ban kinh kR. 

3 Hinh dong d?ng 

Dj.ih nghtu: Hai hinh dtitic got la dong dang vdi nhau ncu cd mot phep dong 
dang hicn hinh nay thanh hinh kia. 


B PHl/ONG PHAP GIAI BAI TAP 

1 Cho lam giac ABC. Difng anh cua no qua phcp dong dang cd dtitic bing 
each thife hicn lien ticp phcp vi tti tarn B ti so ~ va phep doi xting qua 


dating trung trtie cup BC: 


DAI HOC QUOC G1A HA NO I 
RUNG TAM THONG TIN THU VIEN 
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tflal 

Goi A’, C tudng tfng la trung diem cua 

BA v4 BC. Phep vi tif tam B, ti so ~ 

2 

bien tam giac ABC thanh tam giac A BC. 

Goi d 14 difdng trung trifc cua BC, 

A” 14 diem doi xtfng cua A’ qua d. Phep doi xtfng qua difdng trung trifc cua 
BC bien tam giac A'BC th4nh tam giac A"CC'. Vay anh cua tam giac ABC 
qua phep dong dang do 14 lam giac A 'CC. 

2. Cho hinh chi? nhat ABCD, AC v4 BD dCt nhau tai I. Goi H, K, L v4 J lan lifitt 
la trung diem cua AD, BC, KC v4 IC. Chtfng minh hai hinh thang JLKI \4 
IHDC dong dang vdi nhau. 

(yjial 

Phep doi xufng tam I bien hinh thang IHDC 
thanh hinh thang IKBA. Phep vi tu tam C ti so" 

^ bien hinh thang IKBA th4nh hinh thang 

JLKI. Do do hai hinh thang JLKI v4 IHDC 
dong dang vdi nhau. 

3. Trong m4t ph4ng Oxy cho diem 1(1; 1) va difdng tron tam I ban kinh 2. Viet 
phi/dng trinh cua difdng iron la anh cua difdng iron Iren qua phep dong dang 
co dtfdc b4ng each thife hien lien tiep phep quay tam O, goc 45° v4 phdp vi 
ttf tam O, ti so" V2 . 

Cjlai 

Ta co 01 = yjl . Goi V la anh cua I qua phep quay tam O, 
gdc 45° thi I'(0; >/2 ). Goi I" la anh cua V qua phep vi tif 
tam O ti so thi I" (0; 2). Difdng trdn can tim co tam 
I" ban kinh R = 2 \J2 c 6 phifdng trinh 14 x 2 + (y - 2) 2 = 8. 

4. Cho tam giac ABC vuong tai A, AH 14 difdng cao ke tif A. Tim mot phiSp 
dong dang bien tam giac HBA thanh tam giac ABC. 





Phep doi xtfng qua difdng phan giac cua 

gdc ABC bien tam gi4c HBA th4nh tam 

AC 

giac EBF. Phdp vi tif tam B, ti so - 

AH 

bien tam giac EBF th4nh tam giac ABC. 
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C. BAl TAP LAM THEM 

1. Tnng mat phang Oxy cho duVfng thing d cb phudng tnnh x = 2 V2 . Hay viei 
ph/dng tnnh dicing thing d la anh cua I qua phcp dong dang co dlfcic hang 

ca.h thifc hicn lien tiep phcp \ i in' tain O ti d k ^ \ a phcp quay lam O goc 45 *. 


2. Tnng mat phfing Oxy cho during iron (O co phtfdng trinh (x 1 F + (y ■ 2F = 4. 
Hiy viol phtfdng tnnh difdng iron ((” ) la anh ctia ((') qua phcp dong dang co 
dirfc b«ing each thi/c hicn lien tiep phcp vi tif tam O t: so k = -2 va phcp dot 
xing qua true Ox 


BA I TAP ON TAP CHl/O’NG I 


1. Ch> luc giac dcu ABCDEI tam (). dim anh cua tam giac AOF 


a) Qua phcp tinh lien thco veetd AB ; 
h)Qua phcp doi xtfng qua dirdng thing BE; 
c) Qua phcp quay tam O goc 120*’. 

Cjiai 

a) Ta co T —: A »—> B 

AB 

OhC 
F O 

Suy ra AAOF - > ABCO 

b) Djj| ‘ A i—> C e) 

F D 
O h>0 

AAOF -> AC DO 


A B 



Q, 


O.L'O 


A E 


F h-> D 


AAOF -» AEOD 


2. Tnng mat phing loa do Ox v cho diem A(— 1; 2) va ditffng lhang d c6 phifdng 
Iruh 3x + y + 1 = 0. Tun anh ciia A va d 

a) Qua phep linh ticn theo veetd v = (2; 1); 

b) Qua phcp doi xtfng qua true Oy; 

c) Qua phcp doi xtfng qua goc toa do; 
d Qua phep quay lam O goc 90". 
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CjUi 

Goi A’ vA d' lan li/dl la anh cua A va d qua cac phep bien hinh tren. 

a , , - f X * = 2 -f X 

a) Bieu thtfc toa do cua phep tinh tien vectd v = (2; 1) la < 

ly' = l + y 


A(-l; 2) ncn A'(l; 3), 

M(x, y) e do3x + y+ 1 = 0o 3(x’ - 2) + (y ’ - 1) + 1 = 0 
o 3x’ +y’-6 = 0o M’(x\ y’) e d’ 
d’ c6 phifdng trinh la: 3x + y - 6 = 0, 


b) Bieu thtfc toa do cua phep doi xtfng qua true Oy la 



A(-l; 2) ncn A’(l,2) 

M(x; y) € d <=> 3x + y + l = 0 o -3x’ + y* + 1 = 0 
o 3x’ -y’-l=0o M'(x’; y’) e d’ 
d f co phifdng Irinh la 3x - y - 1 = 0 


c) Bieu thtfc toa do cua phep doi xtfng qua goc toa do 0 la: 



-x 

-y 


A’ = (- 1 ; 2), nen A * (1; -2) 

M(x; y) 6do3x + y+ l=0o -3x’ - y* + 1 = 0 
o3x’ + y* - 1 =0oM’(x’;y’) e d’ 
d’ co phifdng trinh la: 3x + y - 1 = 0. 

d) Qua phdp quay tam O g6c 90°, A bien thanh A'(-2; -1), B(0, -1) bi(fn 
thAnh B'(l; 0). Vay d' la difdng th^ng A’B’ co phifdng trinh = 
hay x - 3y - 1 = 0. 

3. Trong mAt phing toa dp Oxy, cho difdng trdn lam 1(3; -2), bAn kinh 3. 

a) Viet phifdng trinh cua difdng iron do. 

b) Viet phifdng trinh anh cua difdng tr6n (I; 3) qua phdp tinh lien theo veetd 
v = (-2; l). 

c) Viet phifdng trinh anh cua difdng iron (I; 3) qua phep doi xtfng qua 
true Ox. 

d) Viet phifdng trinh anh cua difdng Iron (I; 3) qua phep doi xtfng qua goc toa d(>. 
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6}lai 

a) (x 3) ; 4- (y + 2) 2 = 9. 

b) T v -( I) =1(1. 1), phi/dng trinh dudng iron anh: (x 1 ) 2 + ( y + 1 ) 2 = 9. 

c) /J 0x (l) - F(3; 2), phi/dng trinh difdng iron anh: (x 3) 4- (y - 2) : = 9. 

d) £> 0 (I) = I’(“3: 2), phiftlng trinh dudng iron anh: (x + 3) 2 4- (y - 2) 2 = 9. 

4. ( ho vectd v, difdng thing d vuong goc vdi v. Goi d' la anh cua d qua phep 


linh lien thco vectd ~-v. Chtfng minh ring phep linh lien thco vectd v la ket 

qua ciia vice ihiTc hien lien tiep phep doi xtfng qua eac dudng thing d va d\ 

6jiai 

Lay M tuv y. Goi D x (M) M\ y 

O d dM') = M". Goi M () , M, la -* 


giao diem cua d va d' vdi MM". 
Ta co: MM" - MM' + M'M" 

= 2M () M ; 4 - 2M'M7 

- 2M,|M ,* = 2 • ^ v = v. 

Vay M" T C (M) la ket qua cua 

vice thi/c hien lien tiep phep doi 
xufng qua eac dudng thing d vh d\ 



5. (’ho hinh chi? nhat ABCD. Goi O D lam doi xtfng cua no. Goi 1, F, J, E lan 
1 iftlt la trung diem cua cae canh AB, BC t CD, DA. Tim anh cua tarn giac 
AEO qua phep dong dang co difdc tif vice thi/c hien lien tiep phep doi xufng 
qua dufdng thing IJ va phep vi nr tarn B, ti' so 2. 


CjlAl 

Phep doi xufng qua difdng thing IJ hien tarn 
giac AEO thanh tarn giac BFO. Phep vj tif 
tarn B, ti so 2 hien lam giac BFO thanh tarn 
giac BCD. Vay phep dong dang co dude bing 
e^ch thi/c hien lien tiep phep doi xufng qua 
di/dng thing IJ va phep vi nr lam B ti so 2 
hien lam giac AEO thanh lam giac BCD. 
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6 . Trong mat phang toa do Oxy, cho dirdng iron tam 1(1; -3), ban kinh 2. Viet 
phudng trinh anh cua dirdng iron (I; 2) qua phep dong dang co diTdc tir vi^c 
thi/c hien lien tiep phep vj tif tam O ti so 3 va phep doi xiVng qua true Ox 

Cjlal 

Goi F la anh cua I qua phep vj tiT V, (U ,tam O ti so 3. 

Taco V (0 3) (I) = F(3; -9) 

Goi I” la anh cua F qua phep doi xufng true Ox. 

Taco D 0x (F) = F'(3;9). 

Vay dirdng iron anh qua phep dong dang co tam F’(3; 9) va ban kinh R = 6 
nen c6 phiTdng trinh (x - 3) 2 + (y - 9) 2 = 36. 

7. Cho hai diem A B va dirdng iron tam O khong co diem chung vdi dirdng 
lhang AB. Qua moi diem M chay tren dirdng iron (O) dtfng hinh Kinh hanh 
MABN. Chufng minh rang diem N thuoc mot dirdng trdn xae dinh. 

6jlal 

Vi MN = AB khong doi, nen co the xem N la anh cua M qua phdp tjnh tien 
theo AB. Do do khi M chay tren dirdng Iron (O) thi N chay tren dirdng trdn 
(O’) la anh cua (O) qua phep tinh lien theo AB. 



CAU HOI TRAC NGHIEM CHlfONG I 


1. Trong cac phep bicn hinh sau phep nao khong phai la phep ddi hinh? 

(A) Phep ehieu vuong goc len mot dirdng lhang. (B) Phep dong nhat. 

(C) Phep vj tir ti so -1. (D) Phep doi xiVng true 

‘T m Lin: Phep ehieu vuong goe len mot dirdng lhang khong phai la phep deti 
hinh. Chon (A). 
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2. Trong eac mcnh dc sau mcnh dc nao sai? 

(A) Phcp tinh lien bien difdng lining lhanh di/dng (hang song song hoac 
trung vdi no. 

(13) Phep doi xufng true bien du'dng tbring lhanh difdng lining song song hoAc 
trung vdi no. 

(C) Phcp doi xufng tam bien dtfdng thing lhanh difdng thing song song ho&c 
trung vdi no. 

(D) Phcp vi tif bien difdng thing lhanh dicing thing song song hd&c Uiing vdi no. 
TW tit: (A), (C) va (D) dung. Chon (B). 

3 Trong mat phing Oxy cho dudng thing d c6 phifdng trinh 2x y + 1 = 0. De phcp 
tinh lien iheo veetd v bien d lhanh chinh no thi v phai la veetd nao trong 
eac vecid sau? 

(A) v = (2; 1); (B) v = (2;-l); (C) v = (1; 2); (D) v=(-l;2). 

tit: Vecid chi phudng cua d la u = (1; 2). Chon (C). 

4 Trong mat phing loa dp Oxy, cho v = (2; -1) va diem M(-3; 2). Anh cua 
diem M qua phep tinh lien theo vecid v la diem co toa do nao trong cac toa 
dp sau? 

(A) (5; 3); <B) (1; 1); (C) ( 1; 1); (D) (1; -1). 

lit: Bieu thifc toa do cua phep tinh lien veetd v = (2, — 1 ) \h 
I x' -• 2 > x 

{ Y -: M(-3, 2) i—> M'(— 1; 1). Chon(C). 

I y' = - 1 + y v 

5 Prong mat phing toa dp Oxy cho difdng thing d co phifdng trinh: 3x 2y + 1 = 0. 
Anh cua dirdng thing d qua phep doi xufng true Ox co phifdng trinh la: 

(A) 3x + 2y + 1 = 0; (B) -3x + 2y + 1 = 0; 

(C) 3x + 2y 1 = 0; (D) 3x - 2y + 1 l = 0. 

CjlAl 

X' — X 

Bieu thiJfc toa do cua phep doi xufng true Ox la \ 

[y’--y 

M(x; y) g do 3x - 2y + 1 = 0 » 3x’ + 2y’ + 1 = 0 <o> M’ g d’ 
d’ co phifdng irinh: 3x + 2y + 1 = 0. Chon (A). 

6 Trong mAl phing toa do Oxy cho difdng thing d co phifdng trinh: 3x - 2y - 1 = 0. 
Anh cua difdng thing d qua phcp doi xufng tam O co phifdng trinh la: 
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(A) 3x + 2y + 1 = 0; (B) - 3x + 2y - 1 = 0; 

(C) 3x + 2y - 1 = 0; (D) 3x - 2y - 1 = 0. 

_ __ f x ’ = —x 

<"£*4 lit: Bicu thtfc toa do cua phdp doi xtfng lam O la \ 

(y* = -y 

M(x; y) e d o 3x - 2y -1 = 0 o -3x’ + 2y’ - 1 = 0 
o 3x’ - 2y’ + 1 = 0 o M’(x’; y’) e d’ 
d’ co phtfdng trinh: 3x - 2y + 1 = 0. Chon (B). 

7. Trong cdc menh de sau menh de nao sai? 

(A) C6 mQt phdp tinh lien bicn moi diem thanh chinh nd; 

(B) Co mot phep doi xtfng true bien moi diem thanh chinh no; 

(C) C6 mot phep quay hien moi diem thanh chinh n6; 

(D) C6 mot phep vi tir hien moi diem thanh chinh no. 

<Z*4 Lit: (A), (C) va (D) dung. Chon (B). 

8. Hinh vuong c6 may true doi xtfng? 

(A) 1; (B) 2; (C) 4; (D) vo sC 

<1^*4 lit: Hinh vuong co 4 true doi xurng. Chon (C). 

9. Trong cac hinh sau hinh nao c6 vo so tarn doi xurng? 

(A) Hai difctng thing clt nhau. 

(B) Dtfdng elip. 

(C) Hai dtfdng thing song song. 

(D) Hinh luc giac deu. 

<"1*41*1: Hai dtfdng thing song song co vo so" tarn doi xtfng. Chon (C). 

10. Trong ede menh de sau menh de ndo sai? 

(A) Hai dtfdng thing bat ki luon dong dang. 

(B) Hai dtfdng tr6n bat ki luon dong dang. 

(C) Hai hinh vuong bat ki luon dong dang. 

(D) Hai hinh chtf nhat bat ki luon dong dang. 

<Z*41*1: (A), (B) vd (C) dung. Chon (D). 
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Chum g II DUONG THANG UA MAT PHANG 

TRONG KHONG GIAN. QUAN HE SONG SONG 


§1. DAI Cl/ONG VE DlJCjNG THANG VA MAT PHANG 


A. KIENTHlfC Cd BAN 

1. Cac tinh chat 

Tinh chat I: Co mot va chi' mot duftng thang di qua ha i diem phan hiet. 

Tinh chat 2: Co mot va chi mot mat phang di qua ha diem khong thftng hang. 

Tinh chat 3: Neu mot dt/ftng thang co hai diem phan bict thuoc mot mfit 
ph^ng thi moi diem cua dt/ftng thilng deu thuoc mat phiing do. 

Tinh chat 4; Ton tai bon diem khong cung thuoc mot mat phdng. 

Tinh chat 5: Neu hai m&l phiing phan bict co mot diem chung thi chung cbn 
co mot diem chung khac nuTa. 

Tinh chat 6: Tren moi mat phiing. cac ket qua da bict trong hinh hoc phlng 
deu dung. 

2. Cach xac dinh mpt mat phang 

Ba each xac dinh mat phiing 

a) Mill phiing difdc hoan toan xac dinh khi bict no di qua ba diem khong 
thiing hang. 

b) M*1t phiing difctc hoan loan xac dinh khi bict no di qua mot diem va chuTa 
mot difdng th^ng khong di qua diem do. 

c) MSt phang diAJc hoan loan xac dinh khi bict no chifa ha i dtffrng th3ng di nhau. 
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3. Hinh chop va hinh tuf dien 
a) ffi/tli chop 

Djnh nghla: Cho da giac loi AjA,... A n va diem Snk ngoai mAt phang 

chuTa da giac do. Noi S vdi cac dinh A p A 2 .A n de di/Oc n lam giac 

SA,A r SA 2 A v ..., SA n A r 

Hinh gom n da gi£c do va da giac A, A.,... A n goi la hinh chop va difdc ki 
hicu la S.A.A,... A . 

I 1 n 


s s s 



b) Hinh tilt dien 

Djnh right a: Cho bon diem A, B, C, D khong dong phang. Hinh gom bon 
lam giac ABC, ACD, ABD, BCD goi la hinh luf dien (hay ng&n gon la tuT 

dien) va dtfdc ki hicu la ABCD. Thiel dien (hay mat dfl) cua hinh 
c&l bdi mp(P) la phan chung cua mp(P) vA hinh 

B. PHLfdNG PHAP GIAI BAI TAP 

1. Cho diem A khong nAm Iren mAl phAng (a) chuTa lam giac BCD. Lay E, F la 
cac diem lan Itfdl n&m ire : cac canh AB, AC. 

a) Chtfng minh duttng lhang F^F n&m irong mAl phAng (ABC). 

b) Khi EF va BC cAt nhau lai 1, chtfng minh 1 la diem chung cua hai mAt 
pheing (BCD) va (DBF). 

CjiAi 


a) Ta c6: E g AB nen E g (ABC) 

Fe AC nen F g (ABC). 
Suy ra EF nAm Irong (ABC). 

b) I e BC => I g (BCD). 

I g EF ^ I 6 (DEF). 

Vay I e (BCD) r\ (DEF). 


A 
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2. Goi M la giao diem ciia difctng thang d va mat phdng (a). Chtfng minh M la 
dien ehung ciia (a) vc'ii mot mat phftng hat ki chura d. 

CjiAl 

Hiei nhicn M e (a). Goi (p) la mat 
plui ig bat ki chura d, la e6 

! M e d 

- > M € (p). 

jdc(p) 

Va> M la diem cluing cua (a) va 
moi mat phdng (p) chura d. 

3. Choha dirffng thdng d|, dj. dj khong cung ndm irong mot mat phfing va cat 
nliat tifng doi mol. Chtfng minh ha difilng thdng tren dong quy. 

CjlAi 

Oia ,uf 1 = d nd,. Ta cluing minh 1 g d v 

NOu di khong di qua 1 thi d< alt d| va d : lan lulft tai J va K (khac I). 

I. J, K khong thang hang nen tao thanh null phdng (UK). Khi do dj, cT, d 3 
ndmtrong (IJK) (v6 If). Vay d< di qua I tile d|, d>, d 3 dong quy. 

4. Chobon diem A, B, C va D khong dong phdng. Goi G A , G H , G c , G D Ian 1 licit 
la tr)ng tarn ciia cac tarn giac BCD, CDA, ABD, ABC. ChuTng minh r&ng 
ACj a BG h , CG c , DGu dong quy. 

tfiAi 

Goi I la trung diem cua CD. 

Ta co G a c BI, C b g Al. Goi G = AG a n BG b 


Ta cc AIGaGb co A1BA 

nen G.G..//AB 


VI 


va 


K A IOb 1 
IB IA 3 
GA AB 
CC A G A G ~ 


’a v 'b 



U lu;n lining tif, ta co CG c , DG n cung cat AG a tai G’, G 


o 


. G'A . G"A . 

va — = 3,-=3. 

GG G"G 

A A 


Nhinay GsG'sG" 

Ohi cui: Fa goi AG a , BG r , CG c va DG n la cac difclng trung tuyen vh G 
la troig tam cua til dien ABCD. 
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5. Cho tuf giac ABCD nhm Irong mill ph;ing (a) c6 hai canh AB va CD khong 
song song. Goi S la diem nhm ngoai mill phang (a) va M la trung diem doan SC. 

a) Tim giao diem N cua dtfdng ih^ng SD va mat phang (MAB). 

b) Goi O la giao diem cua AC va BD. Chtfng minh rhng ba dtfdng thdng SO, 
AM, BN dong quy. 


tjlAl 

a) Goi E la giao diem cua AB va CD. 
Chon mat phang phu chtfa SD la (SCD) 
(MAB) o (SCD) = ME. 

Goi N la giao diem ME vdi 
SD thi N la giao diem cua SD 
vdi mp(MAB). 

b) Goi I = AM n BN. 

AM c (SAC); BN c (SBD) 

=> I £ (SAC) n (SBD) = SO. 

Vay AM, BN va SO dong quy tai I. 



6. Cho bon diem A, B. C va D khong dong phlng. Goi M, N lan ltfdt la trung 
diem cua AC va BC. Tren doan BD lay diem P sao cho BP = 2PD 

a) Tim giao diem cua dtfdng thilng CD va mat phiing (MNP). 

b) Tim giao tuyen cua hai mat phang (MNP) va (ACD). 

rfial 


a) Giao diem cua CD vdi mp(MNP) 

Ta cd NP khong la dtfdng trung 
binh cua tam giic BCD nen NP ciSt 
CD tai I. 

I € CD va I e (MNP) 
n£n {1} = CD n (MNP) 

b) Giao tuyen cua (MNP) va (ACD) 

Ta co M va I la hai diem chung phan 
biet cua hai mat phdng (MNP) va 
(ACD) nen: (MNP) n (ACD) = MI 
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7. Cho bon diem A, B, C va D khong dong pining. Goi I, K Ian lifcft la (rung 
diem cua hai (loan thing AD va BC. 

a) Tun giao tuyen cua hai mat phing (IBC) va (KAD). 

b) Cjo i M va N la hai diem lan li/dl lay lien hai doan thing AB va AC. Tim 
giao tuyen cua hai mat phing (IBC) va (DMN). 

Cjlal 

a) (jiao tuyen cua hai mat phing(lBC) va (KAD). 

Ta cole AD-^Ie (KAD) > I g (KAD) n (IBC) 

K g BC => K g (IBC) “■> K r (IBC) n (KAD) A 
Vay (IBC) n (KAD) = IK. 

b) Cliao tuyen cua hai mi it phing (IBC) va 
(DMN). 

Trong mp(ACD) goi (Kf = Cl n> DN va 
trong mp(ABD) goi {F} = B1 o DM. 

E, F la hai diem chung phan biet ciia 
hai mat piling (IBC) va (DMN) nen 
(IBC) n (DMN) = EF. 

8. Cho id dien ABCD. Goi M va N Ian lifrti la trung diem cua cac canh AB va 
Cl), tren canh AD lay diem P khong trung vdi trung diem cua AD. 

a) Goi H la giao diem cua difdng thing MP va dtfftng thing BD. Tim giao 

tuyen cua hai mat phing (PMN) va (BCD). 4 

b) Tim giao diem cua mat phing (PMN) va BC. 

CjlAi 

a) Ta c6 E, N g (MNP) n (BCD) 

> (MNP) n (BCD) = BN. 

h) Goi Q la giao diem cua NB va 
BC thi Q la giao diem cua 
(PMN) va BC. 

9. Cho hinh chop S.ABCD cd day 15 hinh hinh hanh ABCD. Trong m5l phing 
day ve di/dng thing d di qua A va khong song song vdi cac canh cua hinh 
hinh hanh. d cil doan BC Lai B. Goi C la mol diem nim Iren canh SC. 

a) Tim giao diem M cua CD va mat phing (CAE), 
h) Tim thiol dien cua hinh chop cat befi m5t phing (CAB). 
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6juil 

a) Goi M la giao diem cua 
AE va DC thi M la giao 
diem cua CD va (C AE). 

b) Goi F la giao diem cua 
MC’ vdi SD. Thiel dien 
can tim la tuf gidc AEC'F 



10 . Cho hinh chop S.ABCD c6 AB va CD khong song song. Goi M la not diem 

thupc mien trong cua lam giac SCD. 

a) Tim giao diem N cua duftng thdng CD \k mat phang (SBM). 

b) Tim giao tuyen cua hai mat phdng (SBM) va (SAC). 

c) Tim giao diem I cua dudng thdng BM va mat phang (SAC). 

d) Tim giao diem P cua SC va mat phang (ABM), lit do suy ra gito tuyen 
cua hai mat phang (SCD) va (ABM). 

(sjlAl 

a) Goi N la giao diem cua SM va CD thi 
N la giao diem cua CD va mp(SBM). 

b) Goi O = AC n BN thi la c6: 

(SBM) n (SAC) = SO. 

c) Goi I = SO n BM ihl 1 la giao diem 
cua BM vdi mat phang (SAC). 

d) Goi R = AB n CD, P = MR h SC thi 
P D giao diem cua SC vdi mp(ABM) 
va (SCD) r\ (AMB) = PM. 

C. BAI TAP LAM THEM 


s 



1. Cho ttf dien ABCD. Goi I, J Ian Itfdt la trung diem cua AC va BC. K lia mot 
diem tren canh BD sao cho KD < KB. Tim giao tuyen 
cua mat phdng (UK) vdi hai mat phang (ACD) va (ABD). 


~Hk& tg 'bdn 

a) Goi Dm la giao diem cua JK va CD. 

Ta cd: (UK) n (ACD) = IL 

b) Goi M ia giao diem cua AD va IL. 
Taco: (UK) r\ (ABD) = KM 
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2 ('ho u'r dien ABCD, M la mot diem hen trong lam giac ABD, N la mot diem 
hen trong tarn giac A CD Tim giao tuyen cua hai mat philng. 
a) ( AMN) va (BCD); b) (DMN) va (ABC) a 

-Htfcfnq i /in 

«») Giao tuyen cua (AMN) va (BCD) 

Goi I la giao diem cua AM va BD. 

J la giao diem cua AN va CD. 

Ta co; (AMN) n (BCD) = IJ 
h) Giao tuyen cua (DMN) va (ABC) 

Goi E la giao diem cua DM va AB, F la giao diem cua DN va AC. 

Ta ed: (DMN) n (ABC) = EF 

3. Cho u'r dien ABCD, M va N la hai diem lan liTtU iron AC va AD. O la diem 
ben trong tarn giac BCD. Tim giao diem cua; 

a) MN va (ABO); h) AO va (BMN) 

d/in 

a) 11m giao diem MN va (ABO) 

Chon mat phftng phu chtfa MN la (ACD) 

(ACD) n (ABO) = A1 vdi I la giao diem 
cua 2 difCfng lining BO va CD. 

Goi K la giao diem cua AI va MN thi K la 
giao diem cua MN va (ABO) 

b) Urn giao diem AO va (BMN) 

Chon milt philng phu chifa AO la (ABI) 

(ABI)n(BMN) = BK 
Goi L la giao diem cua BK va AO thi L la giao diem cua AO va (BMN) 

4. Cho hinh chop S.ABCD day la hinh thang, day Idn la AB. Goi I, J, K la 3 
diem tren SA. AFT BC then thtf tifdo. 

a) Tim giao diem IK vdi (SBD) 

b) Tim cac giao diem cua mp(lJK) vdi SD va SC. 

-Htftnq 

a) Tim giao diem IK va (SBD) 

Cho mill philng phu chufa IK la (SKA). 

(SKA) n (SBD) = SO vdi O la giao diem cua AK va BD 
Goi M la giao diem cua SO va IK thi 
M la giao diem cua IK va (SBD) 


A 
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h) Tim giao diem SD va (IJK) 

Chon mat phing phu eh Ufa SD la (SBD) 

(SBD) n (IJK) = MN vdi N la giao 
diem cua JK v& BD 
Goi L la giao diem cua MN va SD 
thi L la giao di<?m cua SD va (IJK) 
c) Chon giao diem SC v& (IJK) 

Chon mat phing phu thuoc eh da 
SC la (SBC). 

(SBC) n (IJK) = KR vdi R la giao 
diem cua 2 difdng thing IJ va SB. 

Goi P la giao diem cua KR va SC thi P \k giao diem cua SC va (IJK)/- 

§2. HAI DLfefNG THANG CHEO NHAU 
VA HAI DirdNG THANG SONG SONG 

A. KIEN THl/C Cd BAN 

1. Vj tri ttfdng doi cua hai di/dng thing trong khong gian 

a) Tri/f'/nf* hop /. Co mol mat phing chufa a va b, la noi a va b la d>ng 
phing. Cd ba kha nang sau: * a va b eat nhau tai M 

* a song song vdi b 

* a trung vdi b 

b) Tri/ifn# hop 2. a va b chdo nhau. 

2. Tinh chit 

a) Djnh U I: Trong khong gian, qua mpt diem khdng nim tren di/dng ding 
cho tn/de, cd mot \k chi m&t dudng thing song song vdi dUdng thing da e'h( 

b) Djnh U 2 (Ve giao tuyen cua ba mat phing) 

Neu ba mat phing phan biet doi mot cit nhau theo ba giao tuyeVn than 
biet thi ba giao tuyen ay ho3c dong quy hoic doi mot song song vdi nlau. 

c) H? qua: Neu hai mat phing phan biet lan lifdt chufa hai difdng thinjg ong 
song thi giao tuyen cua chung (neu eo) cung song song vdi hai <dtdng 
thing do hoac trung vdi mot trong hai di/dng thing do. 

d) Djnh If 3: Mai difcfng thing phan biet cung song song vdi dtfdng thim^ thuf 
ba thi song song vdi nhau. 
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B PHlfONG PHAP GIAI BAI TAP 

1. ('ho lu* dien ABCD. Gpi P, Q, R va S la bon diem lan luVU lay Iren bon canh 
AB, BC, CD va DA. Chutag minh rang neu bon diem P, Q, R va S dong phing thi 

a) Ba dddng thing P*Q, SR va AC hoac song song hoac dong quy; 

b) Ba difdng thing PS, RQ va BD hoac song song hoac dong quy. 

Cjlai A 

a) Goi (a) la mat pbring chi?a P. Q, R va S. 

Ba mat phfing (a), (DAC), (F3AC) doi 
mot Celt nhau theo cac giao tuyen la SR, 

PQ va AC. Nhir vay SR, QP va AC ho$c B 

doi mot song song ho3c dong quy. 

b) Li luan tiling tif cau a, ta c6 PS, RQ, va 
BD doi mot song song hoac dong quy. 

2- Cho tu* dien ABCD va ba diem P, Q, R lan lu'dt lay tren ba^canh AB, CD, BC. 
Tim giao diem S cua AD va mat phing (PQR) trong hai trudng hdp sau day. 

a) PR song song vdi AC; 

h) PR cdl AC. a 

CjiAi 

a) Neu PR // AC thi QS // AC 
vdi S = (PQR) n AD. 

Vay S la giao diem cua dtfdng 
thing qua Q song song vdi AC 
va di/dng thing AD. 


b) Goi DPR n AC. 

Taco (PQR) n (ACD) = IQ. 

Goi S = IQ n AD, ta co S = AD n (PQR). 


/ 
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3. Cho ttf di£n ABCD. Goi M, N lan ltfdt la trung diem cua cic canh AB,CP va 
G la trung diem cua doan MN. 

a) Tim giao diem A' cua difdng tiling AG va mat piling (BCD); 

b) Qua M ke difdng thing Mx song song vdi AA* va Mx cit (BCD) ai M'. 
Chtfng minh B, M\ A‘ thing hang va BM' = M’A‘ = A’N; ^ 

c) Chtfng minh GA = 3GA\ 


a) Goi A' la giao diem cua BN va AG thi A’ la giao diem ciia AG va 
mp(BCD). 

fAA'c(ABN) 

b) < => MM cz (ABN). 

MM'//AA' 


Ta c6 B, M\ A’ la diem chung cua hai mat phing (ABN) va (BCD) icm B, 
M\ A’ thing hang. 

Trong lam gidc NMM\ ta co: 


G la trung diem NM 
' GA'//MM' 

A’ la trung diem NM’. 

Ttfdng tif trong tarn giic BAA\ ta co: 
M la trung diem BA 
MM' // AA' 

=> M’ la trung diem BA 1 . 

Vay BM’ = M’A’ = A'N. 



GA' = -MM' 

c) Ta c6 2 => GA’ = — AA' :r> GA = 3GA' 

1 4 
MM' = — AA' 

2 


C. BA I TAP LAM THEM 

1. Cho hinh ch6p S.ABCD c6 ddy ABCD I* hinh binh h&nh. Goi H v4 K la n 
lirdt la trung di<?m cua SA va SB. 

a) Chtfng minh HK //CD. 

b) GQi M la diem tren canh SC khong trung S. Tim giao tuyen cia h*i rmSt 
phing (HKM) va (SCD). 

c) Tim giao tuyen hai mat phing (SAB) va (SCD). 
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2. Cho hinh chop S.ABCD cd day ABCD la hinh thang vdi cac canh day la AB 
va CD. Goi 1. J Ian lifdt la trung diem cua AD va BC. Gpi K la diem tren 

2 

canh SB sao cho SN = - SB. 

3 

a) Tim giao tuyen cua (SAID va (UK). 

h) Xac dinh thiol dicn cua h'inh chop mdi mp(IJK). Tim dieu kien doi vdi AB 
va Cl) do thiet dicn la hinh hinh hanh. 


§3. DPCfNG THANG VA MAT PHANG SONG SONG 


A Kien THL/C cd BAN 


1. Vi tri ttfdng doi cua dUdng thang va mat phang 




d c (a) 


2. Tinhchat 

a) Dinh It /: Neu difdng thing d khong n&m trong mat phing (a) va d song 
song vdi difdng thing d’ n&m trong (a) thi d song song vdi (a). 

h) Djnh If 2: Cho difdng thang a song song vdi 
mat phing (a). Neu mat phing (p) chtfa a va 
dit (a) theo giao tuyen b thi b song song vdi a. 

c) H? qua: Neu hai m£t phang phan biet cung 
song song vdi mot difdng thing thi giao tuyen 
cua chung (neu co) cung song song vdi difdng 
thing do. 

d) Dinh If 3: Cho hai difdng thing cheo nhau. Cd duy nhat mpt mat phing 
chtfa dirdng thing nay vh song song vdi difdng thing kia. 

B PHl/dNG PHAP GIAI BA! TAP 

1. Cho hai hinh binh hanh ABCD v;\ ABEF khong cung nim trong mot mat phing. 

a) Gpi O va O’ lan lifttt \h tarn cua cac hinh binh hanh ABCD vh ABEF. Chtfng 

v 

minh rang difdng thang OQ‘ song song vdi cac mat phang (ADF) va (BCE). 



CBTMNHHQC tl -35 




b) Goi M va N lan lufdt la irong tam cua hai tam giac ABD va ABE. Ching 
minh dt/dng thing MN song song vdi mat phing (CEF). 

tfiM 

a) Ta co OO' la dtfdng trung binh cua 
tam gidc BDF nen OO’ // DF, ma 
DF c (ADF) nen OO’ //(ADF). 

Ttfdng tif OO’ // CE va CE c (BCE) 
nen OO* // (BCE). 

b) TuT gidc EFDC la hinh binh hanh, suy ra 

ED c (CEF). Goi I la trung diem cua 

IM IN 1 C 

AB la cd — = — = - suy ra MN // ED 
ID IE 3 

Ta lai c6 ED c (CEF) ^ MN // (CEF). 

2. Cho ttf dipn ABCD. Trcn canh AB lay mot diem M. Cho (a) la mat phiag 
qua M, song song vdi hai dtfdng thing AC va BD. 

a) Tim giao tuyen cua (a) vdi cac mat cua tddien. 

b) Thiet dien cua tuf dien cal bdi mat phing (a) la hinh gi ? 

tjuil A 

a) Giao tuyen cua (a) vdi cac mat 
cua luT dien ta cac canh cua tuf 
gi^c MNPQ co: 

MN // PQ // AC va MQ // NP // BD. 

b) Thiel dien tao bdi mat 
phing (a) vdi tuf dien la 
hinh binh hanh. 

3. Cho hinh chop S. ABCD co day ABCD la mot tuf giac loi. Goi O la giao diem 
cua hai dtfdng cheo AC va BD. Xdc dinh thiet dien cua hinh chop cat Mi 
mat phing (a) di qua O, song song vdi AB va SC. Thiet dien do li hinh gi ? 

CjlAl 

(a)//AB 

Ta cd |ABc(ABCD) ^>AB//MN 
MN ^(a)n(ABCD) 

(a)//SC 

Ttfdng tif SC c (SBC) SC // MQ. 

MQ = (a)n(SBC) 

B 
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[<«)//AB 

\m < AB (SAB) > AB//PQ 

i PQ (a)n(SAB) 


V. ty MN // PQ Do do n'f giac MNPQ la hinh thang. 

C BAI TAP LAM THEM 

1. Trong mat ph*1ng (a) cho AABC vuong lai A. B = 60", AB = a. Goi O la trung 
tliOni ciia BC. Lay S d ngoai (a) sao cho SB = a va SB 1 OA. Goi M la mot 
diem iron canh AB, rrult phang (p) qua M va song song vdi SB va OA c&i 

BC, SC. SA Ian lifdt tai N, P, Q. DSt x = BM (0 < x < a). 

a) Chufng minh MNPQ la hinh thang vuong. 

h) Tinh thco a va x dien tich cua hinh thang nay. Tinh x de dien tich nay ldn 
nhat. 


-Hiring ?An 

a) MNPQ la hinh thang vuong. 

VI (a) // SB non (a) alt 2 mat phfing chtfa SB la (SAB) va (SBC) lan liTdt 
thco hai giao tuycn MQ va NP song song vdi BC non MNPQ la hinh thang. 

Vi (a) // OA ncn (a) exit (ABC) thco giao tuycn MN // OA. 


Thco gia thiol SB 1 OA ncn QM 1 MN. 
Vay MNPQ la hinh thang vuong tai M. 


b) Smnpq = - (MQ + NP).MN 
2 

, r , MQ AM \jir\ 

1 a co:-=- > MQ = a x 

SB AB 

t ' NP CN mp 2a “ x 

Ta co: — =-=> NP =- 

SB CB 2 



Vav S 


MNIH.) = 


V(4a lX) . Taco:S - 3x < 4a 3x) 


MN!*Q ~ 


3x v<i 4a 3x c6 tong biing 4a (hang so) ncn tich 4x(4a - 3x) ldn nhat khi 

3x = 4a - 3x hay x - —. 

3 


2 . Cho tur dien ABCD co AB = a, CD = b. Doan IJ noi trung diem 1 cua AB va 
trung diem J cua CD. Gia sur AB 1 CD, (a) la null phting qua M tren doan IJ 
va song song vdfi AB va CD. 
a) Tim giao tuycn cua (a) vdi mat phiing (ICD). 
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b) Xac dinh thiet dien cua ABCD vdi mat phdng (a). Chufng minh thiet dien 
la hinh chur nhat. 

c) Tinh dicn tich hinh chuT nhat, biet IM = - IJ. 

'3 


-Htffnq )Jln 

a) Xac dinh (a) n (ICD) 

(a) n (ICD) c6 diem chung M va 
CD // (a) nen (a) c£t (ICD) theo giao 
tuyen Mt qua M vh song song CD. 

b) Goi E, F lan ltfcft giao diem ciia Mt 
vdi Cl vk DI. 

Qua E ke NP // AB, qua F ke 
QR // AB. Thiet dicn la hinh chur nhat 
PQRN. Vi c6 NP // QR, PQ // NR 
NP 1 PQ (do AB 1 CD). 


A 



c) 


>PQRN - 


2ab 

9 


3. Cho tur dicn deu ABCD canh a, I la trung diem cua AC, J la mot diem tren 
canh AD sao cho AJ = 2JD. M la mot diem di dpng trong ABCD, mat ph^ng 
(MIJ) luon luon song song vdi AB. 

a) Tim tap hdp diem M. 

b) Tinh dien tich thiet dipn cua tuf dien ABCD vdi mat phdng (MIJ). 

a) Goi L la trung diem cua BC, K la diem tren BD sao cho BK = 2KD. 

Tap hdp diem M la doan KI. 

b) Thiet dipn can tim I& hinh thang IJKL. 


A 
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§4. HAI MAT 1‘HANG SONG SONG 

A KIEN THLfC Cd BAN 

1 Djnh nghla 

Hai rrull phing (a), (p) difdc goi la song song vdi nhau ncu chung khong c6 

diem chung 

Khi do la ki hieu (a) // (P) hay (P) // (a). 

2 Ti'nh chat 

u) Djnh It I: Ncu mat phing (a) chufa hai difdng thing cit nhau a, b va a, b 
cung song song vdi mat phing (p) thi (a) song song vdi (p). 

b) Djnh U 2: Qua mot diem nim ngoai mot mat phing cho trifdc c6 mot va 
chi mot m&t phing song song vdi mat phang da cho. 

c) H? qua /: Ncu difdng thing d song song vdi mat phing (a) thi qua d co 
duy nhat mot mat phing song song vdi (a). 

d) He qua 2: Hai mat phing phan bict cung song song vdi mat phing thuf ba 
thi song song vdi nhau. 

e) He qua 3: Cho diem A khong nim Iren mat phing (a). Mpi difdng thing 
di qua A va song song vdi (a) deu nim trong mot mat phing di qua A va 
song song vdi (a). 


I) Djnh It 3: Cho hai mat phing song song 
vdi nhau. Ncu mot mat phing cit mat 
phing nay thi cung cat mat phing kia va 
hai giao tuyen song song vdi nhau. 


X) He qua: Hai mat phing song song chin 
tren hai cat tuyen song song nhtftig doan 
thing bing nhau. 
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3. Dinhh'Ta-let 

Dinh It 4 (Djnh It Ta-let) 

Ba mat philng doi mot song song ch;in tren 
hai cat tuyen bat ki nhuTng doan thing 
tiling tifng ti le. 

Neu d, d' la hai cat tuyen bit ki cii ba mat 
phing song song (a), (P), (y) lan liftit tai 
cic diem A, B, C va A', B’, C thi 
AB = BC CA 
A'B'~ B'C ~ C'A' 

4. Hinh ling trg va hinh h$p 

Hinh htip bdi cac hinh binh hanh 

a,a,a;a;, a,a,a;a;.a a.a;a' 

12 2 1 2 3 3 2 n I I n 

va hai da giac A.A....A va A!Al...A' 

c 12 n I 2 n 

goi la hinh lang tru hoSc lang tru, va ki 
hieu la A. A.,...A A'A!,...A'. 

12 n I 2 n 



Neu day cua hinh lang tru la tarn giac, tuT giac, ngu giac thi lang tru tuftiig 
tfng diftic goi la lang tru tarn giac, lang tru ttf giac, lang tru ngu giac. 


Hinh lang tru c6 day la hinh binh hanh diftic goi la hinh hop. 


5. Hinh chop cgt S 

Cho hinh chop S. A,A 2 ... A n ; mot mat phing (P) 

khong qua dinh, song song vtii mat phang day, cat 
caccanh SA p SA 2 , ..., SA n lan liftit tai A',, 

A' 2 ,A' n . Hinh taobdi thietdifin A'A' 2 , ... A' n 
va ddy A, A 2 ... A n cua hinh ch6p cfong vdi cic tuT 

gidc a;a'a 2 a,, a'a;a } a 2 .a'^a^a,, goi 

la hinh chop cut, ki hieu A'A' 2 ...A' n . AjA v ..A n 

Day cua hinh chop goi la day ldn cua hinh chop cut, c6n thiol diicn 
Aj A!,... A^ goi la day nho cua hinh chop cut. 

Tinh chat: 

1) Hai day la hai da giac co cac canh lifting tfng song song va cac ti so cac 
cap canh tifting ufng bang nhau. 

2) Cac mat ben la nhtfng hinh thang. 

3) CAc difcfng thang chtfa cac canh ben dong quy tai mot diem. 
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B. PNlfdNG PHAP GIAI BAI TAP 

1. Troig mat phdng (a) cho hinh hlrih hanh ABCD. Qua A, B, C, I) Ian liftH vc 
b».7n during lhang a, b, c, d song song vdi nhau va khong mini trcn (a). I ren a, 
b c lan luVft lay ba diem A\ B\ C tuy y. 

a i Hay xac dinh giao diem D' eua difdng lhang d vdi mat philng (A'B’C). 


b i Chiifng minh A'B'C’D' la hinh binh hanh. 


tjuli 

j a // b 

a t a co { .:>(a.AD)//(b,BC) 

(AD//BC 


Ma (A'B'C) n (b, BC) = B'C nen 
(A'B'C) o (a, AO) — d di qua A song song vdi 
B'C'. Gqi O' la giao diem eua d’ vdi d thi 
P’ = d n (A’B'C). 

, , fa//d 

b) a co < => (a,b)//(c\ d). 

[ AB //CD 



aco: A'07/B'C. (1) 


Mill khac: (a, b) // (c, d) ma (A'B'C’D’) n (a, b) = A'B' 

\a (A’B'CO') o (c\ d) = CO’ suy ra A’B' // CO'. (2) 

7Cr (1) va (2) suy ra tur giac A’B'CO' la hinh binh hanh. 

2. Clhohinh king tru tarn giac ABC.A'B’C. Coi M va M' lan Itfctt la trung diem 
cuia ;ac canh BC va B'C’. 

a) Chi/ng minh rhng AM song song vdi A'M\ 

b) Tim giao diem cua mSt phdng (AB C') vdi duftng thiing A'M. 

c) Tim giat) tuyen d eua hai mat ph5ng (ABC) va (BAC). 

d) Tim giao diem G cua dicing thiing d vefi mat phiing (AM'M). 

Churng minh G la trong tarn cua tarn giac ABC. 

CjlAi 

a) Ti co MM // BB' va MM' = BB' 
d) do MM’// A A’ va MM’ = A A’. 

Siy ra A'M'MA la hinh binh hanh. 

Vay AM // A’M'. 

h) Coi 1 la giao diem cua A M va AM'. 

MA c (ABC) va I e M A nen 1 € (ABC). 

Vay I = A M n(ABC). 
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c) Goi O la giao diem cua AB’ va A’B. 

Ta c6: C\ O e (AB’C) n (BA’C) => (AB’C) n (BA’C) = C’O. 

d) Ta c6 d s C’O c (AB’C) va AM’ c (ABC). 

Goi G la giao di<?m cua d va AM’ thi G = dn (AM’M). 

MSt khdc OC’ va AM’ la cdc trung tuyen cua AAB’C’ nen G la trong lam 
cua AAB'C. 


3. Cho hinh hop ABCD.A'B’CD’. 

a) Chufng minh ring hai mat phlng (BDA’) va (B'D'C) song song vdi nhau 

b) Chufng minh ring dtfcJng cheo AC' di qua trong tam G, va G 2 cua hai 
tarn giac BDA’ va B'D’C. 

c) Chtfng minh G, va G 2 chia doan AC thanh ba phan blng nhau. 

d) Goi O va I lan li/dt la tam cua cac hinh binh hanh ABCD va AA’C’C Xdc 
dinh thiet dien cua mat phlng (A'lO) vdi hinh hop da cho. 

6jbil 


a) Churng minh (BDA ) //(B’D’C) 

Ta co tuf gidc BB’D’D va A’B’CD la cac hinh binh hanh non: BD // B’D’ 
va AD’//B’C ==> hai mat phang (BDA’) va (B’D’C) c6 cic cap dtfftng 
thing clt nhau va song song nhau tirng doi mot nen chung song song. Vay 
(BDA’) //(B’D’C). 

b) Churng minh G,, G 2 g AC’ 

Goi O, O’ lan lifcft II tam cua hinh binh hanh ABCD va A’B’C’D’. 

Trong mat phlng (AA’C’C) goi G,, G> lan Itfcft la giao diem cua AC’ vdi A’O 
va O’C. Ta chufng minh G,, G 2 lan Itfdt la trong tam cua AA’BD va ACB’D’. 
That vay, ta co AG,OA AG,A’C’ (vi AC // A’C’). 


AG, 2 

^ G,A'~ A'C'~2 ^ A'O 3 

=> G| la trong tam AA’BD. 

Ttfdng tif G 2 la trong lam cua ACB’D’. 

Vay AC’ di qua G|, G 2 . 

c) Churng minh AG, = G,G 2 = G 2 C’ 

Theo cau trcn ta c6: 

AG. AO l 

- 1 = —- = - (vi AG,OA 05 AG, A’C’) 

G,C' AC 2 


A D 



=> AG, = - AC’ (1) 
3 
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l ifting iif: 


- = — - (vi A G 7 C'0' oo A Cm AC) 

G 2 A CA 2 

=> C’G 2 = i AC’ (2) 

Fir (I) va (2) suy ra AG, = G,G, = G 2 C\ 
d) (A'lO) = (AA’CC) => (A’lO) cit hinh hop da cho theo thief dien la hinh 
hinh hiknh AA'C’C. 

4. C ho hinh chop S.ABCD. Gpi A| la trung diem cua canh SA va A 2 la trung 
diem cua doan AA|. Goi (a) va (P) la hai mat phing song song vpi mSt 
phing (ABCD) va lan I if pi di qua A,, A 2 . Mat phing (a) cit cat* canh SB, 
SC, SD lan lifpi tai B|, C|, D|. MSI phing (p) cat cac canh SB, SC, SD lan 
hfpt tai B 2 , C 2 , D 2 . Churng minh: 

a) Bj, Ci, D| lan lifpt la trung diem cua cac canh SB, SC, SD; 

b) B,B 2 = B 2 B, C,C 2 = C 2 C, D,D : = D 2 D; 

c) Chi ra cac hinh chop cut co mot day la tif giac ABCD. 

CjlAl 

a) Vi (a)//(P)//(ABCD) nen 
A,B, // A 2 B 2 // AB; B,C, If B 2 C 2 // BC 
C|D, // C 2 D 2 // CD, A,D, II A 2 D 2 II AD 
A|B, la difdng trung hinh cua ASAB 
nen B\ la trung diem cua SB. 

Tifdng tvf C|, D| lan lifpt la trung diem 
cua SC, SD 

b) Ta co A 2 B 2 la difilng trung hinh cua 
hinh thang A,B,BA nen B,B 2 = B 2 B, 
lifting tif C,C 2 = C 2 C, D,D 2 = D 2 D 

c) Cac hinh chop cut co mot day la tuf 
giac ABCD la A 2 B 2 C 2 D 2 .ABCD, 

A,B I C,D,.ABCD. 

C BAI TAP LAM THEM 

1. Cho hinh lang tru tarn giac ABCA’B’C’. 

a) Gpi I, K, G lan lifpt la trpng tarn ede tarn giac ABC, A’B’C\ ACC’. 
Churng minh ring (IGK) // (BB’C’C) va (A’KG) // (AIB’). 

b) Gpi M, N lan lifpt la trung diem cua BB’ va CC\ Hay difng difPng thing 
qua trpng tarn tarn giac ABC cit AB’ va MN 


S 
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a) TO giac AA’KI thanh hinh binh hanh 

=> IK // AA’ IK // BB’ 

Goi E la trung diem cua AC. Xet AEBC* co: 

— = —= - => IG // BC’ 

EB EC' 3 

flK//BB' 

TiY: => (IGK) // (BB’C’C) 

[IG//BC 

b) Dudng th&ng can tim la giao tuyen cua (IAB\) vh (IMN). 

Goi H la giao diem cua BC va AI, B’H cat MN lai O thi 10 la difdng 
thdng can difng. 

2. Cho lang tru tarn giac ABCA’B’C. M, N lan liWt l& trung diem cua BC va 
CC\ P la diem doi xufng cua C qua A. 

a) Xac dinh thiet dien cua lang tru vdi m<it ph3ng (A’MN). Tinh ti so nia 
thiet dien chia canh AB. 

b) Xac dinh thiet dien cua lang tru vdi mat phang (MNP). Tinh ti so ma thiet 
dien chia canh AA’ va AB. 

’Htf&ng }Jin 

a) TO giac A’KMN la thiet dien can tim. C la trung diem AE. Ke Cl // AB 

1 AK 

thi Cl = KB va Cl = - AK AK = 2KB. Vay - =2. 

2 KB 



3. Cho hinh lap phtfdng ABCD.A'BC’D’ canh a. Goi M, N lan Itfdt la trung 
diem cua AB, B’C va DA’. 

a) Chtfng minh (MNP) song song vdi cac mil phiing (AB'D’) va (BDC). 

b) Xac djnh thiet dien cua hinh lap phlfdng vdi m&t ph^ng (MNP), thiet dien 
la hinh gi? Tinh dien tlch cua no. 

Dap so: b) Thiet dien la hinh luc giac dcu canh -. 
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BA I TAP ON I AP ( lllf()‘N(; II 

1. Chi hai hinh thang ABCD va ABI F o> ehung day Idn AB va khong eung 
nan dong mol mat pha ng. 

a) 1m giao tuyen eua eae mat phang sau: 

(AFX') va (BIX)); (BO*) va (ADF). 

b) lay M la diem thuoe doan DI Tim giao diem aia dtrffng thing AM vdi 
rnli phang (BCE). 

c) Chtmg minh hai duftng (hang AC va BF khong eat nhan. 

Ojiai 

a) Ooi G la giao diem eua AC va BD, 

H la uiao diem eua AH va BF 
la ed G, H e (AEC) rr (BID) 

> (AEC) n (BFD) = GH 
Coi 1 la giao diem eua AD va BC, 

K la giao diem eua AF va BE. 
la co (BCE) n (ADF) = IK. 

b) Coi N la giao diem eua AM vdi IK thi N = AM n (BCE) (vi IK c (BCE)) 

c) Feu AC va BF cal nhau thi hai hinh lining da eho cung nhm Iren mot mat phang. 
Etcu nay trai vdi gia thiel. 

2. Chohinh chop S.ABCD co day la hinh binh hanh ABCD. Gpi M, N, P theo 
thd t/ la trung diem eua eae doan thing SA, BC. CD. Tim thiel dien cua hinh 
chop khi cit bdi mil phing (MNP). 

Gpi J la giao diem hai difdng chco cua hinh binh hanh ABCD, hay tim giao 
dien eua duttng thing SO vdi mil phang (MNP). 

tfiAi 

Gpi E = AB n NP; 

F = AD n NP; 

R = SB r» ME; 

Q = SD n MF. 

Thie dien la ngu giac MQPNR. 

Gpi I = NP n AC; U SOn MI I. 

Ta cc I = SO n (MNP) 


s 



/ 
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3. Cho hinh chop dinh S co day la hinh thang ABCD vdi AB la day ldn. Goi M, 
N iheo thtf lif la trung diem cua cac canh SB va SC. 

a) Tim giao tuyen cua hai mat phing (SAD) va (SBC). 

b) Tim giao diem cua difdng thing SD vdi mat phing (AMN). 

c) Tim thiet di$n cua hinh chop S.ABCD 
cit bdi mat phing (AMN). 

Cjlii 

a) Goi E la giao diem cua AD va BC. 

Ta co S, E g (SAD) r\ (SBC) 
nen (SAD) n <SBC) = SE. 

b) Gpi F la giao diem cua MN va SE. 

P la giao diem cua SD va AF thi 
P = SD n (AMN). 

c) Thiet di£n cua hinh chop S.ABCD cdt bdi mp(AMN) la tur giac AMNP. 

4. Cho hinh binh hanh ABCD. Qua A, B, C, D lan liftft ve bon nufa dtfdng thing 
Ax, By, Cz, Dt d chng phia doi vdi mat phing (ABCD), song song vdi nhau 
va khong nim trong mat phing (ABCD). Mot mat phing (P) lan lifdt cat Ax, 
By, Cz va Dt tai A*, B\ C’ va D\ 

a) Chtfng minh (Ax, By) // (Cz, Dt). 

b) Goi I = AC n BD, J = AC’ n B'D'. ChuTng minh IJ // AA'. 


S 



c) Cho AA’ = a, BB’ = b, CC* = c. Hay tinh DD*. 
6jlal 

a) Ta co Ax ft Dt va AB//CD 
suy ra (Ax, By) // (Cz, Dt). 

b) IJ la difdng trung binh cua hinh thang 
BB’D’D nen IJ // BB* suy ra IJ // AA*. 

c) Theo tinh chat di/ftng trung binh hinh 
thang ta c6: 

AA* + CC’ = 2IJ va BB* + DD’ = 21J. 
Do do AA* + CC* = BB* + DD* 

=> DD* = AA’ + CC’ - BB’= a + c - b. 



D 
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CAU HOI TRAC NGHIEM CHlfCfNG II 


1. Tim mcnh de sai trong cac mcnh de sau day: 

(A) Neu hai mat phing co mot diem chung thi chung con co vd so diem 
chung khac nflra. 

j, 

(B) Neu hai mat phang phan biet cung song song vdi mat ph*1ng thuf ba thi 
chung song song vdi nhau. 

(C) Neu hai dudng thing phan biet cung song song vdi mot null phing thi 
song song vdi nhau. 

(D) Neu mot dtfdng thing cit mot trong hai mat phing song song vdi nhau 
thi sc cit mat phing con lai. 

^LtA IM: (A), (B), (D) dung. Chon (C). 

2. Neu ba dtfdng thing khong cung nam trong mot milt phang va doi mot cit 
nhau thi ba dtfdng thing do 

(A) Dong quy; (B) Tao thanh tarn giac; 

(C) Trung nhau; (D) Cung song song vdi mot mat phing. 

‘"L+A Lit: Xem bili tap 3 §1 cht/dng II. Chon (A). 

3. Cho tuT dicn ABCD. Goi I, J vh K lan lifdt la 
trung diem cua AC, BC va BD. Giao tuyen 
cua hai mat phing (ABD) va (UK) li 

(A) KD; 

(B) Ki; 

(C) Dtfdng thing qua K va song song vdi AB; 

(D) Khong cd. 

Lit: IJ // AB -=> IJ // (ABD) => (IJK) cit (ABD) theo giao tuyen qua K 
va song song vdi AB. Chon (C), 

4. Tini mcnh de dung trong cac mcnh de sau: 

(A) Neu hai mat phing (a) v& (P) song song vdi nhau thi moi dtfdng thing 
nim trong (a) deu song song vdi (P). 

(B) Neu hai mil phing (a) va (P) song song vdi nhau thi moi dtfdng thing 
nim trong (a) deu song song vdi moi dtfdng thing nim trong (p). 

(C) Neu hai dtfdng thing song song vdi nhau lan lifdt nim trong hai mat 
phing phan bi$t (a) va (P) thi (a) vi (P) song song vdi nhau. 

(D) Qua mot diem nim ngoai mat phing cho trtfdc ta ve difdc mot va chi 
mot dtfdng thing song song vdi mat phing cho trifdc do. 


A 
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TW Lin: (B), (C), (D) sai. Chon (A). 


5. Cho tur dien ABCD. Goi MvaN lan 
liftft la trung diem cua AB va AC. 

E la diem tren canh CD vdi 
ED = 3EC. Thiel di£n tao bdi mat 
phing (MNE) vh turdien ABCD la: 

(A) Tam giae MNE. 

(B) Tuf giae MNEF vdi F la Jiem bat kl 
tren canh BD. 

(C) Hinh hinh hanh MNEF vdi F la diem 
tren canh BD m& EF // BC. 


A 



(D) Hinh thang MNEF vdi F la diem tren canh BD ma EF // BC. 


MN//BC^MN//(BCD)--r> (MNE) cit (BCD) theo giao tuyen 


qua E va song song vdi BC. Chon (D). 

6. Cho hinh lang tru lam giae ABC.ABC. Goi I, J 
lan luift la trong tarn cua cac tarn giae ABC v& 
ABC'. Thiet dien tao bdi mat phang (AIJ) vdi 
hinh lang tru da cho la 

(A) Tam giae can; 

(B) Tam gi<ic vuong; 

(C) Hinh thang; 

(D) Hinh hinh hanh. 



Lin: Goi M va N la »lufdt la trung diem cua BC va BC Thie dipn la 
hinh hinh hanh A 1 AMN. Chon (D). 

7. Cho td dien deu SABC canh bang a. Goi I la trung diem cua doan AB, M la 
diem di dong tren doan AI. Qua M ve mat philng (a) song song v$i (SIC). 
Thifit dien tao bdi (a) v& tuf dien SABC kl 

(A) Tam giae can tai M; 

(B) Tam gi&c deu; 

(C) Hinh hinh hanh; 

(D) Hinh thoi. 

TW Lift 

Ta co SI = Cl => MN - MP. 

Chon (A). 
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S. V(fi gia ihiOi cua bai tap 7 chu vi cua thiet dicn thco AM = x la 

(A) x( 1 f 73 ); 

(H) 2x( 1 + n/3 ); 

((') 3x( 1 -f- 73 ); 

(I) ) Khong tinh difdc. 

AM = x AB = 4x 
=> IC = 2x v 3 
z>MN = MP=x>/3 

Chu vi AMNP bilng 2x 73 + 2x = 2x( 1 -f- 73 ). Chon (B). 

9. Cho hinh hinh hanh ABCD. Goi Bx, Cy, Dz la cdc dtfdng thing song song lan 
ltfdt vdi nliau di qua B, C, D va nSm ve mot phia cua mSt phlng (ABCD), 
dong thdi khong n3m trong mat phang (ABCD). Mot mat phlng di qua A va 
citi Bx, Cy, Dz lan lddt tai B', C , D vdi BB' = 2, DD' = 4. Khi do CC hang 

(A) 3; 

(B) 4; 

(C) 5; 

(l))6. 

ltd ltd: Goi O va O’ lan lifdt la lam 
cite hinh hinh hanh ABCD va AB’C’D’. 

Ta co: BB’ + DD’ = 200’ = CC’ 

A 

=> CC = 6. Chon (D) 

1(.T lm menh de dung irong cac menh de sau: 

(A) Hai duf&ng thing phan biet cung n&m trong mol m&t phing thi khong 
chco nhau; 

(B) Hai difdng thing phan bict khong cit nhau thi chco nhau; 

(C) Hai difdng thing phan bict khong song song thi chco nhau; 

(1)) Hai difdng thing phan bict lan lifdt thuoc hai mat phing khac nhau thi 
chco nhau. 

<r LtdLet: (B), (C), (D) sai. Chon (A). 



GBT HINH HOC 11 ■49 





11. Cho hinh vuong ABCD v& tarn giac deu SAB n&m trong hai mat phing khac 
nhau. Goi M la diem di dong tren doan AB. Qua M ve mull phing (a) song 
song vdi (SBC). 

Thiet dien tao bdi (a) va hinh 
chop S.ABCD la hinh gi ? 

(A) Tam gi<tc; 

(B) Hinh binh h&nh; 

(C) Hinh thang; 

(D) Hinh vuong. 

TW Lit: Thiet dien 1& hinh thang MNPQ. Chon (C). 

12. Vdi gia thiet ciia bai tap 11 goi N, P, Q lan ItfcH la giao cua mat phing (a) 
vdi cic dtfdng thing CD, DS, SA. Tap hdp cac giao diem I cua hai dating 
thing MQ v& NP \k 

(A) Btfting thing; 

(B) Nura di/ting thing; 

(C) Doan thing song song vdi AB; 

(D) Tap hdp rong. 

lit: MQ c (SAB), NP c (SCD) 

=> I e (SAB) n (SCD). Chon (C). 
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Ci,m v III ViCT0 TRONG KHONG GIAN. QUAN HE 

VIlONG GOC TRONG KHONG GIAN 


§1. VECTOf TRONG KHONG GIAN 

A. KIEN THLTC CCJ BAN 

1 • Djnh nghla va cac phep toan ve vectd trong khong gian 

a) Dinh nghla: Vectd trong khong gian la mot doan thang cd hifdng. Ki hieu 
AB chi vectd co diem dau A, diem cuoi B. Vectd con difdc ki hieu la 
a, b, x, y 

h) Phep cong vd phep trU vectif trong khong gian: Phep cong va phep trvf hai 
vectd trong khong gian dude dinh nghla tifdng tif nhif phep cong va phep 
irCr hai vectd trong mat phang. Phep cong vectd trong khong gian cung co 
cac tinh chat nhif phep c$ng vectd trong mat ph^ng. Khi thifc hien phep 
cOng vectd trong khong gian ta van co the ap dung quy tic ha diem, quy 
tac hmh binh hanh nhif doi vdi vectd trong hinh hoc phdng. 

Quy tdc hinh hop: Neu hinh hop 
ABCD A B’C’D' cd ba canh xutft phat tif 
dinh A la AB, AD, AA' va co dudng 
cheo la AC' thi khi do la cd quy tic hinh 
hop la: AB + AD + AA' = AC 

c). Phep nhdn vectif vdi mot so: Trong khong 
gian. tich cua vectd a vdi mot so" k * 0 la 
vectd ka difdc dinh nghla tifdng tif nhir trong mat ph^ng va cd cac tinh 
chat giong nhir cac tinh chat da difdc xet trong mat ph^ng. 

2. Oieu ki$n dong phing cua ba vectd 

a) Djnh nghla: Trong khong gian ba vectd difdc goi la dong ph^ng neu c£c 
gia cua chung cung song song vdi mgl mat phiSng . 

h) Dieu ki$n de ba vectif dong phdng 

Dinh U I: Trong khong gian cho hai vectd a, b khong cung phifdng va 
vectd c. Khi do ba vectd a, b, c dong piling khi va chi khi cd cap so m, 


fl C 
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n sao cho c - ma + nb. 

Ngo£i ra c$p so m, n la duy nhat. 

Djnh U 2: Trong khong gian cho ba 
vectd khong dong ph&ng a, b, c. 

Khi do vdi mpi vectd x ta deu tim 
difdc mot bo ba so'm, n, p sao cho 
x = ma -f nb + pc. Ngoai ra bp ba 
so'm, n, p la duy nhat. 

B. PHl/CfNG phap giai bai tap 

1. Cho hinh 13ng tru id giac ABCD.ABC'D'. Mat phing (P) cit cac canh ben 
AA', BB\ CC', DD' lan ltfdt tai 1, K, L, M. Xet cac vectd co cac diem dau la 
cac diem I, K, L, M va co cac diem cuoi la cac dinh cua hinh lang tru. Hay 
chi ra cic vectd: 



a) cDng phi/dng vdi IA ; 
c) ngtfdc htfdng vdi IA . 

Cjlal 

a) Cac vectd cDng phtfdng vdi IA la: 


b) cung hirdng vdi IA ; 

A 


D 


IA\ KB, KB\ LC, LC', MD, MD' 

b) Cac vectd cung hddng vdi IA la: 


KB, LC, MD. 

c) Cac vectd ngtfdc hifdng vdi IA la: 


IA\ KB', LC', MD\ 

2. Cho hinh hpp ABCD.A'B'C’D'. Chtfng minh ring: 



a) AB + B'C'+DD=AC; 
c) AC + BA* + DB f CD = 0. 


b) BD - D'D - B'D' = BB'; 

A 


(yjlal 


a) Ap dpng quy tic hinh hpp, la cd 


AB f B'C' + DD' = AB -f AD + A A' = AC' 


Cach khac: AB f B'C' + DD' = AB + BC t CC = AC' 


b) BD-D'D B'D'=BD + DD' + D'B' = BB' 



c) AC + BA' + DB + C'D = AC +CD' + D'B' + B'A = AA - 0. 
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3. Cho hinh hinh hanh ABCD. Goi S la mot diem nam ngoai mil ph^ng eh Ufa 
hinh hinh hanh. Chifng minh rhng: SA + SC - SB h SD. 

&jlai 

Goi O la tarn ciia hinh hinh hanh. 

Ta c«: SA t SC = 2SO va SB + SD = 2SO 
Do do: SA f SC - SB f SD 
Cach khac: 

SA + SC (SB + BA) 4 (SD + DC) SB + SD + (BA + DC) = SB + SD 

4. Cho hinh ti? dicn ABCD. Goi M va N lan lufdt la trung diem cua AB va CD. 

Chufng minh ritng: a 

a) MN 1 (AD f BC) ; h)MN = -(AC + BD). 

2 2 

6jlai 

[MN MA 4 AD + DN 
a) race: < __ _ # __ __ 

MN - MB 4 BC+CN 

Suy ra 2MN = (MA + MBj + (AD + BCj + (DN + CN j = AD + BC 

=> mn = -(ad + bc) 

[mn=ma+ac+cn 

h) Ti/cfng ti/: < _, _, _, _, 

MN =MB + BD + DN 

Suy ra 2MN = [MA + MB) + (AC + Bf5) + feN + DN) = AC + BD 

r} MN = - (AC + BD). 

2 

5. Cho hinh ti?dicn ABCD. Hay xac dinh hai diem E, F sao cho: 
a) AE = AB + AC + AD; b) AF-AB + AC-AD. 

tftil 

a) Taco AE=AB+AC+AD 
ma (AB4 -AC) + AD=AG+AD 

vdi G la dinh thuf tifcua hinh hinh 
htinh ABGC vi AG = AB + AC. 

D 





18 T HINH HQC 11 - 53 





Vay AE = AG + AD vdi E la dinh thuf tif cua hinh binh hanh AGED. 

Do d6 AE li duttng cheo cua hinh hop c6 ba canh \h AB, AC, AD. 
b) Ta c6 AF=(AB + AC)-AD = AG - AD = DG. 

Vay F la dinh thtf ti f cua hinh binh hanh ADGF. 

6. Cho hinh tur dien ABCD. Goi G li trong tam cua lam giac ABC. Chufng minh 
ring: DA + DB + DC = 3DG. 

tjutl 

G la trong tam tam gi£c ABC nen GA + GB + GC =6. 

Ta c6 DA + DB + DC = (DG + GA)+(DG + GB) + (DG + GC) 

= 3DG+(GA + GB+GC) = 3DG 


7. Goi M N lan ltfdt la trung diem cua cac canh AC va BD cua tti dien 
ABCD. Goi I la trung diem cua doan thing MN va P la mot dienn bat ki 
trong khong gian. Chdng minh ring: 

a) IA + iB + ic+ID = 0; b) PI =-(PA+ PB +PC+PD). 

4 


tfldi 

a) Ta c6 IM + IN=0 

mi 2IM=IA+IC vi 2IN-IB + ID 

nen 2(IM + IN)=0 

suy ra IA + IB + IC + ID =0 

b) Vdi diem P bat ki trong khong gian ta c6: 

■• ——« ■■■« 

IA = PA - PI, IB = PB - PI 


A 



IC = PC-PI, ID = PD -PI. 

Vay IA + IB + Ic + ID = PA + PB + PC + PD-4PI 
mi theo cau a), ta c6 IA +• IB + IC + ID -0 n6n suy ra: 


PI =—(PA + PB + PC + PD). 

4 

8. Cho hinh lang tru lam giac ABC.A B C’ co AA' = a, AB = b, AC = c. Hay 
phan tlch (hay bieu thi) cac vectd B'C, BC' qua cic vectd a, b, c. 
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Tit c d 


6jiAi 

B C = AC AB' AC (AA 1 f AB) 
= c ~ a - b 

lie AC AB - (AA' + AC) AB 
= a + c - b 


A' C' 



9. Cho tarn giac ABC. Lay diem S nam ngoai mat phing (ABC). Tren doan SA 
lay diem M sao cho MS =-2MA va tren doan BC lay diem N sao cho 

NB = - NC Chtfng minh ring ba veetd AB, MN, SC dong phing. 


MN ~ MS + SC +CN 
MN = MA + AB + BN 


=> 2MN-2MA + 2AB + 2BN 
Cong (1) vdi (2) ta dtfdc: 


( 1 ) 

( 2 ) 


3MN - MS + 2M[A + SC + 2AB + CN + 2BN . 
o (1 

Vay MN = -SC + - AB . 

3 3 



Dodo ba veetd MN, SC, AB dong phing. 


1C Cho hinh hop ABCD.EFGH. Gpi K la giao diem cua AH va DE, I la giao 
diem cua BH v& DF. Chtfng minh ba veetd AC, KI, FG dong phing. 


tjutl 

Ta co KI // EF // AB nen KI // mp (ABC), 
FG // BC v& AC c mp (ABC). 

Do dd ba veetd KI, FG, AC co gii c&ng song 
song vdi mot mat phing (a) la mat phing song 
song vdi mat phing (ABC). Vay ba veetd KI, 
FG, AC dong phing. 


B C 
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C. BAI TAP LAM THEM 

1. Cho tur dien ABCD. Goi E, F lan lifdt la trung diem cua AB, AC, I li trung 
diem cua EF. 

a) Chtfng minh ring IA + IB + IC + ID = 0. 

b) M bat ki trong khong gian, chtfng minh: 4 MI = MA + MB + MC + MD 

c) Tim M e (P) co dinh sao cho MA + MB + MC -» MD nho nhat 

a) LA + IB = 2IE, IC + ID = 2IF LE ^ IF = 6 

b) Ap dung quy tic 3 diem xen I vio ve phai. 

c) Ap dung cau b) MA + MB f MC + MD = 4 MI nho nhat khi M la hinh 
chieu vuong goc cua I len (P). 

2. Cho hinh hop ABCD.A'B'C'DV Goi P, R lan lirdt la trung diem cic canh AB, 
AD, goi P\ Q, Q' lan lufdt la giao diem cac duftng cheo cua cat* mat ABCD, 
CDD’C, AB’C’D 1 , ADD A’. 

a) Chtfng minh ring: PP+ QQ , + RR' = 0. 

b) Chtfng minh ring hai tarn giac PQR, PQ'R' c6 cung trong tarn. 

a) PF = —AD, QQ' = — DA\ RRf'= — A"A 

2 2 2 

= PP*' + QQ*' + RR* = AD + DA* + A/A j = 6 

b) Goi G vi G' lan ltfdt li trong tarn APQR V& AP'Q R’. Ap dung a) vi h§ ba 
di£m suy ra: 3 GG' = 0 

3. Cho hinh h$p xien ABCD.A'BCD. Goi G 1£ trong tarn tarn gi£c A'B'C'. 

a) Chtfng minh BD ; = 3BG 

b) Gpi P, Q, R li inh doi xtfng cua diem D* qua cic diem A, B\ C. Chtfng to 
ring B la trong tarn cua ttf di$n PQRD\ 

-Htffnq iJSn 

a) Ap dung quy tic trong tarn 3 BG = BA + BB' + BC = BD' 

b) Chtfng minh BP + BQ + BR + BD* = 0 
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§2. HAI DlfCfNG THANG VUONG GOC 

A. KIENTHLfC CCi BAN 

1. Tich vo hUdng cua hai veetd trong khong qian 
a. Ooc giffa hai vecUf trong khong gian 

Djnh nghTa: Trong khong gian, cho fi va v la hai vecld khac veetd - khong 
1 .ay mot diem A hat ki, goi B va C la hai diem sao cho AB - u, AC = v. 

Khi do la goi goc BAG (0° < BAG < ISO”) la goc giuTa hai veetd u va v 
trong khong gian, ki hieu la ( u , v) 

h. Tich vd hUdng cua hai vector trong khong gian ^ ^ 

Djnh nghTa: Trong khong gian cho 
hai veetd u va v deu khac veetd 
khong. Tich vo htfdng cua hai veetd 
ii va v la mot so, ki hieu la u.v , 
dt/dc xac dinh bcli cong thufc: 
u.v - |u|.|v|.cos(u, v) 

2. Veetd chi pht/dng cua dUdng thang 

Djnh nghTa: Vecld a khac veetd khong dUde goi 
la vecld chi pht/dng cua dt/clng thing d neu gia cua 
veetd a song song ho Sic triing vdi difdng thang d. 

3. Goc gitfa hai dudng thing trong khdng gian 

Djnh nghTa: Goc gitfa hai dtfftng thSng a va b trong khong gian la g6c gitfa 
hai dtftfng th&ng a' v& b' cung di qua mot diem va lan lifdt song song vdi a vh b. 

4. Hai dudng thing vuong goc 

Dinh nghTa: Hai dtfdng thftng dude goi la vuong goc vdi nhau neu goc gitfa 
chung b&ng 90°. 

Ki hieu hai dtftfng thdng a v& b vuong goc vdi nhau a 1 b. 

B. PHlfdNG PHAP GIAI BAI TAP 

1. Cho hinh lap phi/dng ABCD.EFGH. Hay xdc djnh g6c gitfa cac c?p veetd sau 
day: 

a) AB v;\ EG ; 

b) AF va EG; 

c) AB vi DH. 
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6jlAl 


a) Taco EG = AC nen 

(AB, EG) = (AB,AC) = 45". 

b) Tam giac FAC deu ncn 

(AF, EG) = |aF,AC| = 60° . 

c) (AB, DH) = (AB + AE] = 90‘\ 


E H 



2. Chottfdien ABCD. 

a) Chufngminh ring AB.CD + AC.DB + AD.BC = 0. 

b) T\f dang thtfc ircn hay suy ra rang neu ttf di£n ABCD co AB 1 CD va 


AC 1 DB thi AD 1 BC. 


6jlAl 


a) Ta co 

AB.CD + AC.DB + AD.BC = AB( AD - AC) + AC( AB - AD) + a6( AC - AB) 

= AB.AD - AB.AC + ACAB. - ACAD + AD.AC - AD.Ali = 0 

b) Neu AB 1 CD va AC 1BD thi AB.CD = 0 v* AC.DB = 0. 

Theo cSu a) suy ra AD.BC = 0 

AD 1 BC. 

3. a) Trong khdng gian neu hai dtfdng thing a va b cftng vuong g6c vdi dddng 

thing c thi a va b c6 song song vdi nhau khong ? 

b) Trong khdng gian neu dtfdng thing a vuong gdc vdi dudng thing b va 
dtfdng thing b vu6ng gdc vdi dt/dng thing c thi a e6 vuong gdc vdi c khong ? 

Let 

a) a va b noichung khdng song song 

b) a va c ndi chung khdng vuong gdc. 

4. Trong khdng gian cho hai tam giac deu ABC va ABC* cd chung canh AB v| 
nim trong hai mat phing khdc nhau. Goi M, N, P, Q lan ltfdt la trung diem 
cua cic canh AC, CB, BC', C'A. 

Chtfng minh ring; 

a) ABIC C; 

b) Ttf gidc MNPQ la hinh chtf nhat. 
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Cji/ii C' 

a) Ta co AB.CC AB.(AC AC) 

- AB AC' AB AC 
AB.AC\cos60" AB.AC'.cos60° = 0 
> AB ICC'. 

1 ^ 

MQ//CC va MQ=-CC 

2 

NP//CC va NP * CC' 

" C 

:> MQ // NF va MQ = NP => MNPQ la hinh hinh hanh. 

Mat khac PQ // AB, MQ // CC, AB 1 CC ncn MQ 1 PQ. Do do hinh hinh 

hanh MNPQ la hinh chuTnhal. 

5. Cho hinh chop lam giac S.ABC co SA = SB = SC va co ASB = BSC = CSA. 
ChuTng minh ring SA 1 BC, SB 1 AC, SC 1 AB. 

(yjial 

Ta co SA BC - SA (SC - SB) = SA.SC - SA.SB 

= SA.SC.cosASC ~SA.SB.cos ASB = ()=>SA 1 BC 
ChuTng minh arcing itf la difdc SB 1 AC, SC 1 AB. 

6. Trong khong gian cho hai hinh vuong ABCD va ABC'D' c6 chung canh AB 
va nim irong hai mil phing khac nhau, lan lifdt co lam O va O’. ChuTng minh 
ring AB 1 GO' va tur giac CDD’C la hinh chff nhai. 

tjrfl 

Ta c6 A3.00' = All(A0 # - AO) - AB.AO 5 - AB.AO D 
= AB.AO’cos45° - AB.AO.cos45° = 0 
^ AB 1 ()0\ 

Ta ccS CD // CD’ vi CD = CD* ncn C’ 

tuT gi;Sc CDD’C la hinh hinh hinh. 

Mil khac OO’ U CC ncn CC* 1 AB ^ CC 1 CD. 

Vay hinh hinh hanh CDD'C’ la hinh chur nhat. 

7. Cho S la dicn lich ciia lam giac ABC. ChuTng minh ring: 

S = - JaB 2 .AC 2 -(AB AC) 2 . 

2 



b) Ta co: 
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tftil 


Ta c 6 S ABC = — AB ACsin A = - AB.AC\/l - cos 2 A. 


VI 


. AB.AC . r - 77 AB .AC -(ABAC) 

cosA = ;— tt - i ncn vl-cos A = -—----- 


abI.IacI 


2 - *2 

AB .AC 


Do d6 S 


ABC 


= -^AB 2 ./ 

t v 


AC -(ABAC)- 


8 . Cho tufdicn ABCD c6 AB = AC = AD va BAC = BAD = 60° Chuftig minh raig: 

a) AB 1 CD; 

h) Ne'u M, N lan ItftJl la trung diem eua AB va CD ihi MN 1 AB \a MM X P D. 

Cjlal 

a) ABCD = AB.(AD - AC) = AB.AD - ABAC 

= AB.AD.cos60°- AB.AC.cos60 u = 0 => AB 1 CD. 


h) MN = ^(AD + BC) = ^(AD + AC - AB) (Mi tap 4) 

=> AB.MN =-(AB.AD +AB.AC-AB ) 

2 

= -(AB 2 cos60" + AB 2 cos60" - AB 2 ) = 0 
2 

Do d6 MN 1 AB. 

Chtfng minh Ufdng tif ta c6 

CD.MN =^(AD-AC).(AD +AC-AB) =0 

Vay MN 1 CD. 

C. BAI T$P LAM THfeM 

1. Cho tdr dipn d6u ABCD c 6 canh b&ng a. Gpi M, N lan ltfpt la trung dieim jdc 
canh AB, CD. 

a) Tinh dp 6hi doan MN; 

b) Tinh goc gitfa cdc duftng th^ng MN v& BC, 

c) Chtfng minh: MN 1 AB v* MN 1 CD. 

Hn 



D3t BA = a, BC = c, BD = b => 


— 


-* 


-• 

a 

— 

b 

= 

c 


a vd a.c = a.b = b.c = — a 3 

2 
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Kin .16: MN (AD ♦ BC) (h a + c) 


a) M N 


\ 


b 


a c 


(a f a‘ + a 2ab * 2bc 2ac ) = * a 
4 2 


b) MN.BC - --a\goc gififa MN, BC la 45' 


D 



- 1 


e) Ta u> BA.MN a h a + el- (a h -a*+a.c) 0 MN i AB 

i I -} 


CD.MN 


-> MN 1 CD 


(b - cj|b a + cj - -(a 2 a.b f b.c c.b + c.a - a 2 ) - 0 


2. Cho hinh lap phiflrfng ABCD.A'B C D’. Cac diem M, N lan lufcU chia cac doan 
ihang AD' va DB theo cung ti so k (k t 0, 1). 

a) Chtfng minh rang MN luon luon song song vdi mp(A'D’BC); va chtfng 

minh ring neu k - - ~ thi: 

2 


b) MN//A'C; 


c) MN 1 AD'va MN 1 BD 


-Hw&ng dan 


a) Dill: AA'-a, AB b, AD c 


D‘ 


O' 


kMD 


MA k(MA + AD'j 

sr 

Azlii_ 

7 


AM = — AD* - (a + c) 

k-1 k-P ' 

a* 

71 

;m <d 

B' 

AD 

kAB 

c - k b 


LS* N".,. 

/ 

1- 

k 

I k 

/ 

* b 

3 


AN 


Suy ra: MN = AN - AM - 


c - kb f ka + kc 


1 - k 


- k|a-bj + (k + l)c 


J_ -BA'*—BC(1) 

1 -k lk w 


Dang thufc (1) chtfng to MN,BA\BCdong phdng va do MN khong thupc 
mp(A’BCD') non MN // mp(A'BCD'). 

Kbi k = - thi (1) ird thanh: MN - --B/C + - BC - - A C 

2 3 3 3 


GBT HJNM HQC II - 61 








b) Va do cac dudng thing MN va A'C cit mp(ABCD) Lai cac diem khac 
nhau nen chung khong trhng nhau. Vay MN // A'C 


c) Tac6: MN.AD' ^A'C.AD' = i(b + c-a)(c + a) = ^bjc + aj + ^fc 2 -* 


-0 


(VI AB 1 mp(AbD'A') 
Vay MN i AD'. 


(—2 -2 
a = c 
v 


§3. DLfOfNG THANG VUONG GOC VOfI MAT PHANG 


A. KIEN TH0C Cd BAN 


1. Ojnh nghla 


d 


Biffrng thing d dtfdc goi la vuong gdc vdi 
mat phing (a) neu d vuong gdc vdi moi 
difcfng thing a nim trong mat phing (a). 

Ki hieu la d 1 (a). 




2. Oieu kipn de diidng thing vuong goc vdi mat phang 

Djnh If: Neu mol dtfdng thing vuong goc vdi hai dudng thing cit nhau chng 
thuoc mot mat phing thi no vuong goc vdi mat phing ay. 

He qua: Neu mot dtfdng thing vuong goc vdi hai canh cua mol tarn giac thi 
no cung vuong gdc vdi canh thti ba cua lam gidc do. 

3. Tfnh chat 


a) Tfnh chat I: Co duy nhat mot mat 
phing di qua mot diem cho tafdc 
vd vuong goc vdi mot difdng 
thing cho trifdc. 



Mat phang trung trifc cua myt (loan (hang 

Ngirdi ta goi mat phing di qua 
trung diem I cua doan thing AB va 
vuong gdc vdi dudng thing AB la 
mat phing trung trifc cua doan 
thing AB. 
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h) Ttnh chut 2: Co duy nhat mot 
(lifting thang c!i qua mol diem cho 
(rift'le va vuong got* vdi mot mat 
phing cho triftKc. 



4. Lien h$ gitfa quan he song song va quan h# vuong goc cua di/cfng thang 
va mat phang 


Tin It chut f 

a) Cho hai diftlng thing song song. Mftt 

phing nao vuong goc vdi diftlng thing nay 
till cung vuong goc vdi diftlng thing kia. 

h) i lai diftlng thang phan biet cung vuong goc 
vdi mol mat phang thi song song vdi nhau. 



a 


Ttnh chut 2 

a) Cho hai mat phing song song. Diftlng 
thing nao vuong goc vdi mat phang nay 
thi cung vuong goc vdi mat phing kia. 

b) Hai mftt phing phan biet cung vuong goc 
vdi mot diftlng thang thi song song vdi 
nhau. 





Ttnh chut 3 

a) Cho diftlng thing a va mftt phing (a) 
song song vdi nhau. Diftlng thing 
nao vuong goc vdi (a) thi cung 
vuong goc vdi a. 

b) Neu mot (lifting thing va nipt mftt phing (khong chufa diftlng thing do) 
ciing vuong goc vdi mot diftlng thing khac thi chung song song vdi nhau. 



5. Ojnh li ba dtfdng vuong goc 


Dinh ngina: Phep chieu song song len mftt phftng (P) thco phifdng 1 vuong goc 
tdi mftt phftng (P) goi ia phep chieu vuong gdc len mftt phftng (P). 


Dinh li (Dinh H 3 diftlng vuong gdc) 

Cho diftlng thing a khong vuong gdc vdi mat phing 
(P) va diftlng thing b nftm trong (P). Khi do dieu 
kipn can va du de b vuong gdc vdi a la b vuong gdc 



vdi hinh chieu a’ cua a tren (P). 


b A. a ct> b _L a' 
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6. Goc giua dt/dng thang va mat phlng 

Djnh nghla: Neu difdng thing a 1 (P) thi ta noi goc gitfa difdng thang a v! 
mat phlng (P) blng 90°. 

Neu difdng thang a khong vuong gdc vdi mat phlng (P) 

(a) thi g6c giCfa a va hinh chieu a' cua no Iren (P) goi la 
goc gififa difdng thing a va mil phlng (P). 

Chu y: Neu (p la goc giOfa dUOng thing d vl mat phlng (a) 

. thi ta luon c6 0° < (p < 9 (t\ 

B. PHlidNG PHAP GIAI BA I TAP 

1. Cho hai difdng thing phan biet a, b va mat phlng (a). Cat menh de sau day 
dung hay sai ? 

a) Neu a // (a) vl b 1 (a) thi alb. 

b) Neu a // (a) va b 1 a thi b 1 (a). 

c) Neu a // (a) va b it (a) thi b // a. 

d) Neu a 1 (a) vl b 1 a thi b // (a). 




lift: a) Dung; b) Sai; c) Sai; d) Sai. 


Cho tur dit?n ABCD c 6 hai mlt ABC va BCD la hai tam giac can c6 chung 
canh day BC. Goi I la trung diem cua canh BC. 

a) Chufng minh ring BC vuong goc vdi mlt phlng (ADI) 

b) Goi AH la difdng cao cua lam giac ADI, chufng minh ring AH vuong goc 


vdi milt phang (BCD). 


Cjlal 


a) Tam giac ABC vl BCD can co ddy 
BC vl I la trung diem cua BC nen 

[AI1BC 

BC 1 (ADI) 

[DI 1 BC 

b) Ta co BC 1 (ADI) vl AH c (ADI) => AB 1 AH 

[AH 1 BC 



AH 1 DI 


AH l(BCD) 


3. Cho hinh chop S.ABCD co day la hinh thoi ABCD vl co SA = SB = SC = SD. 
Goi O II giao diem cua AC v! BD. Chufng minh ring: 

a) Difdng thing SO vuong goc vdi mat phlng (ABCD). 
i) Jlfdng thing AC vuong goc vdi mlt phlng (SBD) va difdng thing BD 
vuong goc vdi mil phlng (SAC). 
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s 


Cjiiii 

;i) SO la duftng cao cua hai lam giac can SAC, SBD la co: 


j SO 1 

> 

AC 

•>SO L (ABCD) 

iso L 

BD 

f AC 1 

BD 

AC 1 (SBD) 

(AC .1. 

SO 


| BD l 

SO 

> BD 1 (SAC) 

I BD 1 

AC 



4. Cho i Lf dien OABC co ha canh OA, OB, OC doi mol vuong goc. Goi H la 
chan dift'ing vuong goc ha lir O idi mat phAng (ABC). ChuTng minh rang: 

a) H la iri/c lam cua lam giac ABC; 

1 _ 1 1 x I 

OH 2 OA 2 ^ OB 2 OC 2 

a) Vi H la hinh chicu cua diem O Iren mp(ABC) 

non OH I (ABC). Mai khac OA 1 (OBC) non 

OA 1 BC. Vay AH 1 BC (dinh H ha diTdng 

vuong goc), life la H ihuoc mol dift'ing cao cua 

lam giac ABC. lifting lif nhi/ iren la cung co 

H Ihuoc dtffrng cao ihur hai cua lam giac ABC. 

Vay H la Iri/c lam tarn giac ABC. 

h) Ncu AH 1 BC lai A’ ih'i BC 1 OA’. V) OH la dating cao cua lam giac 

vuong AOA’ (vuong lai O) va OA’ ia dufing cao cua lam giac vuong BOC 

, A . ^ . 1 1 1 1 1 1 

(vuong lai O) nen: -— =- T +-z-,- - =- 7 +- t 

OH- OA“ OA ' 2 OA" OB~ OC~ 

... 1 1 1 1 

Vay - -- +-r- +-z- • 

OH" OA^ OB“ OC 2 

5. TrCn mat ph^ng (a) cho hinh hinh hanh ABCD. Goi O la giao diem cua AC 
va BIX S la mol diem mini ngoai mAl ph^ng (a) sao cho SA = SC. SB = SD. 
Chufng minh ritng: 

a) SO 1 (a); 

b) Ncu irong mAl phAng (SAB) ke SH vuong goc vdi AB lai H ihi AB vuong 
goc vdi mAl phAng (SOH). 


O 









CjiAi 

a) SO la ditfJng cao cua hai lam giac can SAC vh 
SBD nen SO ± AC va SO 1 BC 

=> SO 1 (ABCD) = (a) 

b) Vi SO 1 (ABCD) v& AB c (ABCD) nen AB 1 SO. 

f AB ± SO 

Ta c6 < => AB l(SOH). 

[AB1SH 


S 



6. Cho hinh ch6p S.ABCD c6 day la hinh thoi ABCD va c6 canh SA vuftng gdc 
vdi mat phdng (ABCD). Goi I va K la hai diem lan li/ctt lay trcn hai canh SB 
SI SK 

va SD sao cho — =-Chufng minh: 

SB SD 

a) BD vuong gdc vdi SC; 

b) IK vudng gdc vdi mat phlng (SAC). 

CjUi 

a) ABCD la hinh thoi nen: 

AC 1 BD; SA 1 (ABCD) SA 1 BD 
fBDISA 

Taco:( ^BDl(SAC). 

[BD _L AC 

M4 SC c (SAC) nen BD 1 SC. 

SI SK 

b) VI — = — nen IK 1 BD. M k BD 1 (SAC) nen IK 1 (SAC). 

SB SD 


s 



7. Cho ttf di$n SABC c6 canh SA vudng g6c vdi mat phing (ABC) va cd tam 
gidc ABC vudng tai B. Trong mat ph^ng (SAB) kd AM vuong gdc vdi SB tai 

S M S N 

M. Tren canh SC lay diem N sao cho-=-Chtfng minh r&ng: 

SB SC 


a) Ta cd 


a) BC 1 (SAB) va AM 1 (SBC); 

tjuil 

BC 1 BA 

BC 1 SA (viSAl(ABC)) 
=> BC 1 (SAB) 

BC1 AM 
AMI SB 
SM SN 


b) Vi 


SB SC 
nen BC 1 SB => SB 1 MN. 


AM l(SBC) 
nen MN // BC, ma BC 1 (SAB) 


b) SB 1 AN. 


S 
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SB 1 MN 

1 a co: \ => SB 1 (AMN) =^> SB 1 AN 

| SB 1AM 

8. Clio diem S khong thuoc mat phang (a) co hinh chieu tren (a) la diem H. 
Vdi diem M hat ki Iren (a) va M khong trung vdi H, la gpi SM la difdng xien 
va doan HM D hinh chieu cua dudng xien do. Chufng minh rang: 
a) Hai di/dng xien bhng nhau khi va chi khi hai hinh chieu cua chung b&ng nhau; 

h) Vdi hai di/dng xien cho tri/dc, di/dng xien nao Idn hdn thi cd hinh chieu 
ldn hdn va ngi/dc lai difdng xien nao co hinh chieu ldn hdn thl ldn hdn. 

Cjlal 

a) Gia sif HM, HN lan Iifdt la hinh chieu cua SM, SN. 

Neu SM = SN thl ASHM = ASHN nen HM = HN 
Ngu'dc lai neu HM = HN thl ASHM = ASHN nen SM = SN. 

Vay SM = SN o HM = HN 
h) Ap dung dinh Py-ta-go ta cd: 

SM 2 - HM 2 - SN 2 - HN 2 (= SH 2 ) 

■=> SM 2 - SN 2 = HM 2 - HN 2 . 

Tif do suy ra: SM > SN o HM > HN (dpcm). 

C. BA I TAP LAM THEM 

1. Cho 0? dien ABCD. 

a) Churng minh rang AB 1 CD o AC 2 AD 2 = BC 2 BD 2 . 

b) Tif do suy ra neu mot id dien cd hai dip canh doi vuong goc vdi nhau thl 
c3p canh doi c6n lai cung vuong goc vdi nhau. 

2. Cho id dien SABC cd ABC la tam gidc vuong can dinh B, AB = a, SA vuong 
goc vdi mat phang (ABC) vd SA = a 73 . M \k diem ihy y tren canh AB, dat 
AM = x (0 < x < a). Goi (a) la mat phlng qua M va vuong goc vdi AB. 

a) Tim thiet dien cua tuT dipn SABC vdi (a). 

h) Tinh dipn tich thiet dien nay thco a va x. Tim x de dien tich thiet dien cd 
gia tri ldn nhat. 

pa p so: b) S = ^3x(a-x),S ldn nhat khi x = - . 

2 

3. Cho hinh chdp S.ABCD cd day la hinh vuong ABCD canh a, SA 1 (ABCD) 
>a SA = a. 

a) Tim tren mat phang (ABCD) mot diem each deu ba diem S, B, C va tinh 
khoang each tif diem do den mat phang (SBC). 
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b) Tim Iren mat phing (SBC) mol diem each deu ba diem B, C, M vtfi M la 
trung diem canh CD. Tinh khoang edeh chung ay. 

Ddp so: a) Trung diem N cua canh AD va c6 do dai SN = BN = CN = 



§4. HAI MAT PHANG VUONG GOC 


A. KIEN THlfC CO BAN 

1. Goc gitfa hai mat phang 

Djnh nghTa: Goc gitfa hai mitt phing la 
g6c giufa hai duftng thing Ian ltfclt 
vuong goc vdi hai m&t phang do. 

Djnh U: Goi S la dien tich cua da giac H trong mitt phing (P) va S’ la dien 
tich hinh chieu H’ cua H Iren mitt phing (P') thi S' = S cosip, irong do o lit gdc 
giCfa hai mat phing (P) va (P‘). 



2. Hai m$t phing vuong goc 

Djnh nghla: Hai mitt phing goi la vuong goc vdi nhau neu goc giGfi chung 
blng 90°. Ki hieu (P) 1 (Q). 

Djnh // (Dieu kien de hai mat phang vuong goc) 

Neu mot mat phing chtfa mot difefng thing vuong goc vdi mot 
mat phing khac ihi hai mat phing do vuong goc vdi nhau. ^ aj 

fa c (P) 



a 1(Q) 


=>(P)1(Q) 


A 




Djnh U: Neu hai mitt phing (P) vit (Q) vuong goc vdi nhau thi bat cT di/dng 
thing ndo nim trong mitt phing (P), vuong gdc vdi giao tuyen cua (P va (Q) 
deu vuong goc vdi mat phing (Q). 

(P)n(Q) = d; (P)i(Q) 

<ac(P) ^>al(Q) 

aid 


He qua 1: Neu hai mitt phing (P) v4 (Q) vuong gdc vdi nhau va A la nidi 
diem nim trong (P) thi dirdng thing a di qua diem A vii vuong gdc vd (Q) sc 
nim trong (P). 
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He qua 2: Neu hai mill phdng cdl nhau va cung 
vuong goc vc'fi mat phdng thuf ha thi giao tuyen cua 
cluing vuong goc vdi mat phdng thi? ba. 

(P)n(Q) ~ a 
|(P)±(R) =>ai(R) 

}(Q) i(R) 



He qua 3: Qua di/ifng lhang a khong vuong goc vdi mal phdng (P) c6 duy 
nhat mol mat phdng (Q) vuong goc vdi rnat phdng (P). 


3. 


Hinh lang tru dung, hinh hQp chuf nhat, hinh lap pht/Png 

B 


Djnh nghla: 

Hmh lanu tru difni*: 

La hinh lang tru co canh ben vuong goc vt)i 
mai phdng day. 



Hinh lanx tru deu: 

La hinh lang tru dtfng co day la da giac deu. 



Hinh hop duto #.* 

La hinh lang tru du'ng co day la hinh hinh 
hanh. 




Hi nil hop chi? nhat: 

Li\ hinh hop du'ng co day la hinh chi? nhat. 
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Hinh lap phutfn g; 

LS hinh hop chCf nhat c 6 tat ca cSc canh 
being nhau. 


4. Hinh chdp d£u va hinh ch6p cyt d£u 

Dinh nghTa: M$t hinh chdp dUde goi IS hinh ch6p deu neu dSy cua n6 la da 
giSc deu vS cSc canh ben bSng nhau. 




s 


Dinh nghia: Khi c£t hinh chop 
d£u befi mpt mSt phlng song 
song vdi ddy d<? dtfdc mpt hinh 
chdp cut thi hinh chdp cut dd 
dtfdc goi IS hinh chdp cut deu. 

A, 

B. PHUCfNG PHAP GIAI BAI TAP 

1. Cho ba mSt ph£ng (a), (P), (y), nhuTng rnpnh dc nSo sau day dung ? 

a) Ndu (a) 1 (p) vS (a) // (y) thi (P) 1 (y). 

b) Ndu (a) 1 (P) va (a) 1 (y) thi (p) // (y). 

c T'td LSI: a) Dung; b) Sai. 

2. Cho hai mSt ph&ng (a) vS (P) vuong gdc vdi nhau. Ngtfdi ta lay tren giao 
tuyen A cua hai mSt phdng do hai diem A vS B sao cho AB = 8 cm. Goi C IS 
mot diem tren (a) vS D IS mot diem tren (P) sao cho AC va BD tung vuong 
gdc vdi giao tuyen A vS AC = 6 cm, BD = 24 cm. Tinh dp dSi doan CD 



\ 
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tfiai 

(a) (p) va CA 1 A => CA 1 (p) 

o CA 1 DA nen A A DC vuong d A 
DR1 A 

=> DB 1AB^ ABAD vuong d B. 
Do do: CD 2 = AD 2 + AC 2 = BD 2 + AB 2 + AC 2 

= 24 2 + 8 2 4 - 6 2 = 676 
> CD - 26 (cm). 



3. Tror.g mat phing (a) cho tam giac ABC vuong d B. Mot doan thing AD 
vuong goc vdi (a) tai A. Churn g minh ding: 

a) aBD la goc gitfa hai mat phdng (ABC) va (DBC). 

b) Mai phing (ABD) vuong goc vdi mat phing (BCD). 

c) hK // BC vdi H va K lan IiTdt la giao diem cua DB va DC vdi mat phing 
(?) di qua A va vuong goc vdi DB. 




a) 7a co: AD 1 (ABC) => AD 1 BC, 

na BC 1 AB nen BC 1 (ABD) => BC 1 BD. 


la co: 


Jab i bc 

l BD 1 BC 


=> ABD la 


goc gitfa hai mat phing (ABC) 
va (DBC). 

b) M BC 1 (ABD) nen (BCD) 1 (ABD). 


c) PB 1 (AUK) tai H nen DB 1 HK. 


D 



Trong mat phing (BCD) ta co HK 1 BD va BC 1 BD do do HK // BC. 


4. Cho hai mat phing (a), (p) cit nhau va mot diem M khong thuoc (a) va 
khoig thuoc (P). ChuTng minh ring qua diem M cd m<)t va chi mot mat phing 
(P) 'uong g6c vdi (a) va (P). Neu (a) song song vdi (P) thi ket qui tren se 
tha> doi nhi/ the nao ? 

CjiAi 


Goia = (a) n (P). Goi (P) ia mat phing di qua M va vuong goc vdi a. 


VI i c (a) va a i (P) nen (P( 1 (a). Tifdng ttf ta chtfng minh dtfcfc (P) -L (P). 
Nhi vay qua diem M co mat phing (P) vuong goc vdi (a) va (P). 
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Ngtfdc lai neu co mat phSng (P) di qua diem M va (P) vuong goc vdi (a) va 
(p) thl ta suy ra (P) 1 a. Do tinh duy nhat cua mat phdng di qua mot diem M 
va vuong goc vdi durdng thang a nen mat phang (P) la duy nhat. 

Neu (a) // (P), ta goi d la dudng tiding di qua M va vuong goc vdi (a). Khi do 
la co d 1 (p) va moi mat phang (P) chufa d deu vuong goc vdi (a) va (P). Vay 
khi (a) // (p) co vo so mat phang (P) di qua M vh vuong goc vdi (a) va (p). 

5. Cho hlnh lap phtfdng ABCD.A'B’C'D'. Chtfng minh r&ng: 

a) Mat phang (AB’C'D) vuong goc vdi mat phang (BCD'A). 

b) Bifdng thang AC' vuong goc vdi mat phang (A'BD). 

6jlai 


a) Ta co AB' 1 A'B (hai durdng cheo hlnh vuong) 

ABM BC (vl BC 1 (ABB’A’) 

=> AB 1 1 (BCD'A) 

AB' c (AB’C'D) nen (AB'C'D) 1 (BCD'A ) 
[A'B 1 AB' f 

b) Taco \ => A B l(ADC B) 

[A'B 1 B'C' V ' 

M£ AC c (ABC’B) nen AC 1 A'B (1) 

TiTdng tir A'D 1 (ABC'D') =* A'D 1 AC' (2) 
Ttf (1) va (2) suy ra ACM (A'BD). 



6. Cho hlnh chop S.ABCD co day ABCD D mot hlnh thoi canh a vi cd 
SA = SB = SC = a. Chtfng minh rang: 

a) Mat phang (ABCD) vuong goc vdi mat phang (SBD). 

b) Tam giac SBD la tam gidc vuong. 

Cjtii / \ 

a) Goi O la tarn hlnh thoi ABCD. 


Ta cd: 


AC1BD 
AC ISO 


0 % 
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> AC i(SBD) 

> (ABCD) L(SBD) 


h) Vi SA = SB = SC = a va AB = BC - a non ha lam giac SAC. BAC, DAC 
can va bilng nhau. Do do OS = OB = OD. 

I d do suv ra SBD la lam giac vuong lai S. 

7. ('ho hinh hop chuf nhal ABCD.ABC'D’ c6 AB = a, BC = b. CC = c. 

a> Chiifng minh rang mat phang (ADCB ) vuong goc vdi mat ph^ng (ABB A’), 
h) Tinh do dai di/clng chco AC' theo a. b, c. 

(yjieii 

a) Vi AD 1 AB 1 

} => AD l(ABB'A') 

ADlAA'j 

Mai phiing (AI)C'B') chtfa AD nen 
la suy ra (ADC B') 1 (ABB'A') 

b) l a co AC' 2 AC" + CC' 2 (A ACC' vuong) 

AC' 2 AB 2 + BC 2 +CC' 2 (AABC vuong) 

A 2.2 2 
AC - a t n -f c . 



Vav AC = 


r 2 .2 2 

v a f b + c 


8. Tinh do dai ditffng chco ciia mot hinh lap phiftfng canh a. 

(yjiai 

Ap dung ket qua bai 7b vdi a = b = c ta co do dai duttng chco hinh lap 
phirong AC'' = v3a 2 = a%/3 


9. 


Cho hinh chop lam giac dcu S.ABC co SM la 
dififng cao. Chtfng minh SA 1 BC va SB 1 AC. 

(sjial 

Vi II la tarn cua lam giac dcu non la co: 

BC 1 AH va BC 1 SH. 

BC 1 AH) 

Taco: ^BCl(SAH) =>BC1SA 

BC 1 SH 


s 



Tifdng iif 


taco AC1BH 

> => AC l(SBH) => AC ± SB. 

va AC 1 SH 


C 


10. Cho hinh chop id giac dcu S.ABCD co cac canh ben va ede canh day dcu 
bang a. Goi O la tarn cua hinh vuong ABCD. 
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a) Tinh do dii doan thing SO. 

b) Goi M li irung diem cua doan SC. Chufng minh hai mat phlng (MBD) vi 
(SAC) vuong goc vdi nhau. 

c) Tinh dp dii doan OM vi tinh g6c giffa hai mit phlng (MBD) v& (ABCD). 

tflal 

a) Ta co tur gi£c ABCD li hinh vuong c6 canh bing a vi SO 1 (ABCD). Do do: 


SO 2 = SA 2 - OA 2 = a 2 




/ 


SO 


iy/2 


b) SBC li tarn gi£c deu canh a nen BM ± SC, 

tuTPng Itf DM ± SC 

BM1 SC] 

?■ => SC _L (BDM) 

DM 1 SC j 

Do 66 (SAC) 1 (BDM). 



c) OM~ = OC 2 - MC 2 vi OMC la tam giac vuong tai M. 

a 


2 2 2 

2 a a a 


OM z = — - —= —• Vay OM 

2 4 4 2 


VI MO 1BD vi CO 1 BD vdi BD li giao tuyen cua (MBD) vi (ABCD) 
nen MOC li gdc gitfa hai mat phlng (MBD) vi (ABCD). 

Tam giac MOC li vuong tai M nen: 

a 

sin MOC = —= -l=. = JL ^ MOC = 45° 

OC a >/2 V2 


2 

Vay g6c giifa hai mat phlng (MBD) vi (ABCD) bing 45°. 

11. Cho hinh ch6p S.ABCD c6 diy ABCD li mot hinh thoi tam I canh a vi c6 

g6c A blng 60°, canh SC = vi SC vuong gdc vdi mit phlng (ABCD). 

a) Chtfng minh mat phlng (SBD) vuong gdc vdi mat phlng (SAC). 

b) Trong tam giac SCA ke IK vuong gdc vdi SA tai K. Hay tinh do dai IK. 

c) Chtfng minh BKD = 90° vi tilf dd suy ra mit phlng (SAB) vuong goc vdi 
mit phlng (SAD). 
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aj Vi BP LAC v& BD1SC nen 

BD 1 (SAC). Ta suy ra (SBD)l(SAC). 


h) I Hnh ihoi ABCD difdc tao lhanh bdi hai 
(am giac deu chung day. Hai tam giac 
vuong SCA va IKA c6 chung goc A nen 
dong dang, ta co: 


IK AI 
SC AS 


( 1 ) 


Thco dinh H Py-ta-go la co: 

6a 2 


SA 2 - SC 2 + CA" = 




18 a' 


aVb aV3 


ta di/tfc IK = 


SCA[ 

SA 


3v/2 


a 

2 


S 



SA = 


3\fl 


a (hay vao (1) 


c) VI IK = IB = ID = | non ABKD la tam giac vuong tai K hay BKD = 90° 
SA1DB] 

> =>SA 1 (BDK) o SA 1 BK xh SA 1 DK. 

SA1IKJ 

Vay BKD \k goc giufa hai milt phang (SAB) va (SAD) va BKD = 90° 
nen la suy ra (SAB) 1 (SAD). 


C BAITAP LAM THEM 


1. Cho tam giac ABC vuong can dinh B v& AB = a, doan SA vuong gdc vdi 
(ABC) va SA = a >/3 . Goi Ev^ F lan li/dt l& trung diem cua SC va SB, M \h 
m()t diem tren doan AB. D&t AM = x (0 < x < a). Goi a la m&t ph^ng chtfa 
EM v& vuong gdc vdi (SAB). 

a) Hay xac dinh mat ph^ng a v£ thiet dien cua ttf dien SABC vdi a. 

b) Chtfng minh FM = \[x 2 ax + a 2 . Tlnh dien tich cua ihiet dien theo a va x. 


2. Cho tam giac deu ABC canh a, I la trung diem cua BC, D \k diem doi xtfng 


cua A qua I. Di/ng doan SD 


i \/6 


vuong goc vdi (ABC). 


Chtfng minh: 
a) mp(SAB) 1 mp(SAC) 
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b) mp(SBC) 1 mp (SAD) 

3. Cho hai lam giac ACD va BCD ndm irong hai mat phing vu6ng gtk: v<3i 
nhau, AC = AD = BC = a va CD = 2x. Goi I va J lan lufcft la trung diem cua 
AB va CD. 

a) Chting minh ring U vuong goc vdi AB va IJ vuong g6c vcfi CD. 

b) Tinh AB va IJ thco a va x. 

c) Xac dinh x sao cho (ABC) vuong goc vdi (ABD). 


§5. KHOANG CACH 


A. KIEN THLfC CO BAN 

1. Djnh nghla 1 

Khoang each ttf diem M den mat phing (P) (hodc den difefng thing A) la 
khoang each giufa hai diem M va H irong d<5 H la hinh chieu cua diem M 
tren mat phing (P) (hodc tren difctng thing A). 

2. Djnh nghla 2 

Khoang each giuTa difdng thing a va mat phing (P) song song vdi a la 
khoang each lii mot diem nao do cua a den mat phing (P). 

3. Djnh nghla 3 

Khoang edeh giufa hai mat phing song song Id khoang each ttr mot diem bat 
ki cua mat phing nay den mat phing kia. 

4. Djnh nghla 4 

Khoang each giufa hai difctng thing cheo nhau la do dai doan vuong goc 
chung cua hai difctng thing do. 

* Cdch tinh khoang each giffa hai difefng thing cheo nhau 

a) Gia suf a v& b la hai difctng cheo nhau vd a 1 b. 

- Ta difng mat phing (a) chufa a vd 
vuong goc vdi b tai B. 

- Trong (a) difng BA 1 a tai A, ta diftfc 
do dai doan AB la khoang cdch giufa 
hai difdng thing cheo nhau a va b. 

b) Gia suf a vd b la hai dlfCtng thing cheo nhau nhifng khong vuong goc vtfi 
nhau. 
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('rich I: 

Ta dung mat phang (a) chtfa a va song 
song vdi b. 

Lay mot diem M luy y iron h dung 
MM' i (a) tai M': 

Tii M' dUng b' // b cat a tai A. 

YU A dUng AB // MM' cat b tai B, dp dai doan AB la khoang each gitfa 
hai diftlng lhAng cheo nhau a va b. 

(rich 2: 

Ta dung mat phang (a) 1 a tai (), (a) cAt b tai I. 

DUng hi nil chieu vuong goc cua b la b’ 

Trong mat phang (a), ve OH 1 b\ H e 

TO H dll'ng during lhAng song song 
vdi a cAt b tai B 

TO B dung during thang song song 
vdi OH oil a tai A. 

Do dai doan AB la khoang each giuTa hai dUitng thting cheo nhau a va b. 

B PHl/dNG PHAP GIAI BAI TAP 

1. Trong cae menh de sail day menh de nao la dung ? 

a) DUdng thang A la during vuong goc chung cua hai during thilng a va b neu 
A vuong g(k’ vdi a va A vuong goc vdi b. 

b) Goi (P) la mat phang song song vdi ca hai dUdng th3ng a, b cheo nhau. 
Khi do during vuong goc chung A cua a va b ludn luon vuong goc vdi (P). 

c) Gpi A la dUdng vuong goc chung cua hai during thdng cheo nhau a va b 
thi A la giao tuyen cua hai mat phetng fa. A) va (b. A). 

d) ( ho hai dUdng thiing cheo nhau a vA b. DUdng thiing nao di qua mot diem 
M tren a dong thOi cat b tai N va vuong goc vdi b thi do la dUdng vuong 
goc chung cua a va b. 

e) DUdng vuong got chung A cua hai dUdng thAng cheo nhau a vA b nAm 
trong mat phAng chuTa dUdng nay va vuong goc vdi dUdng kia. 

let: a) Sai; b) Dung; c) Dung; d)Sai; e) Sai. 

2. Cho tU dien S.ABC co SA vuong goc vdi mat phang (ABC). Goi H, K Ian 
lifclt la trUc lam cua cac lam giac ABC va SBC. 

a) Churng minh ba dUdng thring AH, SK. BC dong quv. 
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b) Chufng minh ring SC vuong gdc vdi mdl phing (BHK) va HK vutng goc 
vdi mdl phing (SBC). 

c) Xdc djnh dt/fJng vuong goc chung cua BC vd SA 

(sjlAl 

a) Goi E la giao diem cua AH vd BC. 

Ta c6 SA 1 (ABC) => SA 1 BC. 
f BC 1AE 

\ BC l(SAE) BC 1 SE. 

[BC1SA 


Vay ba dufrng thing AH, SK, BC dong quy tai E. 

[SA ± BH S 

b) Taco: < =>BH l(SAC) =>BH ISC * 

[AC 1 BH 

[SC1BH 

Ta c6 ( i=>SCl(BHK). 

[SC 1BK 

SC 1 (BHK) => SC 1 HK; BC 1. (SAE) 

=> BC 1 HK 

f HK _L SC 

TO \ => HK 1 (SBC) 

[HK 1 BC 

c) Ta cd AE 1 SA vd AE 1 BC 

nen AE Id di/dng vudng g6c chung cua SA vd BC. 



3. Cho htnh lap phtfdng ABCD.A'B'C'D' canh a. Chtfng minh ring cdc Ihoang 
cdch Ur cdc diem B, C, D, A’, B', D' den dtfdng chco AC’ deu bing nhau. 
Tinh khoang each do. 


tfUl 


ABC' la tam gidc vuong tai B cd AB = a vd 
BC' = a 72. Dp ddi dtrdng cao B1 lit khodng 
cdch tfif B tdi dirdng thing AC’. Do d6: 


1 1 _L__JL 1 3 

Bl 2 “ AB 2 BC' 2 " a 2 2a 2 " 2a 2 


=> BI = a 



aV6 


D C 



Khoang cdch tufede diem B, C, D, A', B', D' den dtfdng cheo AC’ det bdng 
nhau vi chung deu Id do ddi dtfdng cao cua ede tam gidc vuong bing nlau (v) 
c6 hai canh g6c vuong tifdng tfng bing nhau). 
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4. Chu hinh hop chuf nhal ABCD.A'B’C'D' c6 AB = a, BC = h, CC = c. 

a) Tinh khoang each lif B den mat phdng (ACC A). 

b) Tinh khoang each giuTa hai di/cJng thdng BB' va AC’. 

tflal 

a) Trong mat ph^ng (ABCD) ke BH1AC tai H thi BH i(ACC'A'). 
(viBHIAC va BH 1 CC). 

Khi do BH Id khoang each tif B tefi mat phdng (ACCA*). Xet tam giae vuong 
ABC ta co: 


1 

BH 2 

r> BH = 


1 I 

AB 2 + ' 


BC 2 = a 2 + b 2 


a 2 4 b 2 
a 2 b^ 


D 


ab 


I 

V a“ 


+ 


b) Mat phdng (ACCA ) chtfa AC va 
song song vdi BB’ nen khoang 
each giufa BB’ va AC chinh la 

khoang edeh BH 


f 2 
va~ 



+ b‘ 


5. Cho hinh lap phiTdng ABCD.A'B CD' 

a) Chufng minh rUng B D vuong goc vdi m5l phSng (BA’C). 
h) Tinh khoang c«1ch giOfa hai mat piling (BA'C) va (ACD'). 

c) Tinh khoang each giuTa hai (Ming thing BC va CD'. 

rfia’i 

fA’C'lB'D' 

a) Taco: < => AC 1 (BB'D D) => AC 1 DB 

AC 1DD' V ’ 


j BC' 1 B'C 

|bc'idc 

DB’IA'C' 


BC' i(DCB'A') => BC' 1 DB' 


T£r {' ^DB'l(BA'C') 

(PB'IBC' v ' 

b) Hai mit phing (BA’C) v4 (ACD 1 ) co 
fBCV/AD' . 

{ => (BA'C')// (ACD') 

[A’C'/ZAC V ’ V ’ 

Gpi I vii H lan liA.1l la giao diem cua 
DB’ vdi D'O va BO'. Trong hinh chff 
nhatDBB'D' ta co 


C' 


B 



t.-.-yB- 
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DI = 1 IB' va B'H = - DH ncn DI 
2 2 


IH = HB' = - DB’ => IH = —— 
3 3 


Vay khoang each gitta hai mil phing (BA'C) vi (ACD') la 




c) Khoang edeh gitfa hai dtfdng thing cheo nhau BC va CD’ bing khoang 
each gitfa hai mit phing song song (BA’C) va (ACD') lan lifdt ekufa hai 
dtfdng thing cheo nhau do. Ta suy ra khoang edeh giuTa hai dtffrng thing 

BC' va CD' la d = — • 


6. Chtfng minh ring neu dtfdng thing noi trung diem hai eanh AB va CDcua ttf 
di$n ABCD la dtftfng vuong goe chung cua AB va CD thi AC = BD va AL = BC. 

tsjlal 

Goi I, K lan ltfdt la trung diem cua eanh AB vi 
CD. Qua K ke discing thing d // AB, tren d lay A', 

B’ sao cho K la trung diem cua A'B' va KA' = I A. / 

Ta eo ETC = A'D (vi AKB'C = AKA'D). 

Vi BB7/AA7/IK ma IK la dufrng vuong 
goe chung cua AB va CD nen BB' 1 B'C vi 
AA' 1 A'D. Hai tarn giac vuong BCB' va 
ADA' co BB' = AA' vi CB' = A'D non ta 
suy ra AD = BC. 

Chtfng minh ttfdng ti/ ta co AC = BD. 

7. Cho hinh ch6p tarn giac deu S.ABC c6 eanh day bing 3a, eanh ben b«ng 2a. 

Tinh khoang each ttf S td. mit day (ABC). ^ 

Goi H la tarn cua tarn giac deu ABC. 

Khoang each tijf S tdi mp(ABC) bing do 
dai difdng cao SH cua hlnh chop. 

Goi I la giao diem AH vi BC 

AH = - AI = =-.3a— =a>/3. 

3 3 2 



SH Z -SA" - AH* 


4a 2 


_ 1 

3a" = a“ 



8. Cho ttf dien deu ABCD eanh a. Tinh khoang edeh gitfa hai eanh doi ;ua ttf 
dien deu do. 
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Cjiai 

Goi I va K Ian luVM la cac trung diem cua BC va AD. 
Ta cd IA = ID (hai trung tiiyen cua hai lam giac deu 
Hi ng nhau), do do IK i AD. Ttfdng tif IK 1 BC. 

Vay IK la difdng vuong goc chung cua hai 
canh ddi dien AD va BC cua tuf dien deu. 

Tam giac AIK vuong tai K non: 

IK 2 = A I 2 - AK 2 


'av/3 ' 


f a N 

2 - 2 

,2 , 


V 2> 

4 



:>AK= - — 
1 


c. BAI TAP LAM THEM 

1. Trong hai mat phlng vuong goc (P) va (Q) cho hai tarn giac can ACD va 
BCD co chung day CD = 2x va cac canh khac co do dai a. Goi M va N la 
trung diem cua AB va CD. 

a) Chtfng minh King MN la dutfng vuong g6c chung cua AB va CD. 
h) Tinh theo a va x do dai cac doan AB va MN. 

2. Tuf dien OABC co OA = OB = OC = a va AOB - AOC = 60°; BOC = 90°. 

a) Tinh do dai cac canh con lai cua tuf dien va chtfng minh ring ABC 11 lam 
giac vuong. 

b) Chtfng minh OA 1 BC, goi I, J lan liTttt la trung diem cua OA va BC, 
chtfng minh ring 1J la diftlng vuong goc chung cua OA va BC. 

c) Chtfng minh ring (ABC) 1 (BOC). Tinh do dai doan IJ theo a. 


BAI TAP ON TAP CHl/ONG III 

1. Trong cac menh de sau day menh de nao la dung ? 

a) Hai duftng thing phan biet eftng vuong goc vdi mot mlt phing thi chung 
song song. 

b) Hai mil phlng phan biet cung vuong g6c vdi mpt dtffrng thing thi chung 
song song. 

c) Mat phlng (a) vuong goc vdi ditflng thing b ml b vuong goc vdi dtfcJng 
thing a, thi a song song vdi (a). 

d) Hai mlt phlng phan biet cung vuong goc vdi mot mlt phlng thi chung 
song song. 
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c) Hai difdng thing cung vuong goc vdi mot dtfdng thing thi chung song song. 

tXtA tit: a) Dung: b) Dung; c) Sai; d) Sai; e) Sai. 

2. Trong cdc dieu khing djnh sau day, dieu n^o la dung ? 

a) Khoang each cua hai dtfdng thing chdo nhau la doan ngin nhat trong c^c 
doan thing noi hai diem bat ki nim tren hai dtfdng thing ay va ngtf<?c lai. 

b) Qua m0t diem c6 duy nhift mot mat phing vuong g6c vdi m0t mat 
phing khac. 

c) Qua mpt dtfdng thing c6 duy nhat mot mat phing vuong g6c vdi mpt mat 
phing khac. 

d) Dtfdng thing nao vuong goc vdi ca hai dtfdng thing chdo nhau cho trtfdc 
la dtfdng vuong goc chung cua hai dtfdng thing do. 

Tra ldi: a) Dung; b) Sai; c) Sai; d) Sai. 

3. Hinh chdp S.ABCD co day \k hinh vuong ABCD canh a, canh SA = a va 

vuong g6c vdi mat phing (ABCD). 

a) Chtfng minh ring cic mat ben cua hinh chop la nhffng tarn giac vuong. 

b) Mat phing (a) di qua A vi vuong goc vdi canh SC lan Itfdt cit SB, SC, 
SD tai B\ C, D\ Chtfng minh B'D' song song vdi BD vi AB’ vuong gdc 
vdi SB. 

tftil 

a) Vi canh SA vuong g6c vdi mat phing (ABCD) nen SA 1 AD va 
SA 1AB. Theo dinh If ba dtfdng vuong gdc, vi CD 1 AD nen CD 1 SD 
vi vi BC 1 AB nen BC 1 SB. Vay bon mat ben cua hinh chop la nhffng 
tarn gidc vuong. 


a . BD 1 AC] 

b) [=>BD1 (SAC) ^ BD 1 SC. 

BD 1 SA J 

Mat khac vi (a) 1 SC nen B'D' 1 SC. 
Hai dtfdng thing BD vi B'D’ chng nim 
trong mat phing (SBD) vi cDng vudng 
gdc vdi SC. Vi SC khdng vuong gdc vdi 
(SBD) nen hinh chieu cua SC tren mat 
phing (SBD) se vuong gdc vdi BD va 
B’D’.Ta suyra BD//B'D'. 


S 



Ta co 


BD 1 (SAB) => BC 1 AB'l 
SC 1(a) => SC 1 AB' J 


=> AB' 1 (SBC) AB' 1 SB. 
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4. Ifmh chop S.ABCD c 6 day la h'inh thoi ABCD canh a vA cd gdc BAD = 60°. 
Goi O la giao diem cua AC vA BD. Dudng lhAng SO vuong gdc vdi mAt 

phfing (ABCD) va SO = — Goi E la trung diem cua doan BC, F 1A trung 

4 

diem cua doan BE. 

a) Chufng minh mAt phAng (SOF) vuong g6c vdi mAt phAng (SBC). 

b) Tinh cac khoang cAch tur O va A den mAt phAng (SBC). 

6jiAi 

a) Vi BCD la tarn giac deu non DE 1 BC . Do do OF 1 BC . 

MAtkhacvi SOI (ABCD) nen SO 1 BC. Ta suy ra BC l(SOF), 


do 66 (SBC) 1 (SOF). 

b) Trong mAt phAng (SOF) difng 5 



8 


Do do khoang each tir O den mAt phAng (SBC) la OH = — • 

8 

Goi I - FOn AD. Trong mAt phAng (SIF) dt/ng IK 1 SF. Vi AD // (SBC) 
nen khoang edeh t£r A den mAt phAng (SBC) chinh 1A khoang cAch tDr I 
tren AD den mAt phAng (SBC). Dd chinh 1A dp dAi doan IK. 

Ta c 6 IK = 20H = — • 

4 

5. Tur Jien ABCD cd hai mAt ABC vA ADC nAm trong hai mAt phAng vuong 
gdc vdi nhau. Tam giac ABC vuong lai A cd AB = a, AC = b. Tam giAc ADC 
vuong tai D cd CD = a. 

a) Churng minh cAc tarn gidc BAD vA BDC 1A cAc tarn giAc vuong. 

b) Goi I vA K lan li/dt 1A trung diem cua AD va BC. Chtfng minh IK 1A di/ffng 
vuong gdc chung cua hai difdng thAng AD vA BC. 
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Cjtil 

a) Theo gia thict (ABC) 1 (ADC) vh BA1AC nen ta co BA 1 (ADC). Do 
d<5 tam gi£c BAD vuong tai A. 

Theo dinh II ba dtfdng vuong goc ta co BAl(ACD), AD 1 DC nen 


BD 1 DC hay BDC ia tam gidc vuong tai D. 


b) Ta c6 



==> KA = KD 


Tam gi£c AKD can tai K nen ta 
C6KI1AD. (1) 


Mat khdc hai tam giac vuong 
ABD va DCA bang nhau v'l co 
AD chung va co AB = DC = a 
nen ta suy ra IB = IC. Tam giac 
IBC can tai I nen ta co 
IK 1 BC. (2) 



TO (I) va (2) ta suy ra IK la doan vuong goc chung cua ditffng thiig AD 

va bc. 


6 . Cho hlnh lap phiftfng ABCD.A’B'CD' canh a. 

a) Chtfng minh BC vuong g6c vdi mat ph^ng (A’BCD). 

b) Xac dinh va tlnh dp dai doan vuong goc chung cua AB' va BC. 

6jtil 

a) Ta c6 VC IBC va A'B'IBC vi A'B' 1 (BB'C'C). 


Do 66: BC'l(A'B'CD). 

b) Mat phing (AB'D‘) chtfa AB' va 
song song vdi BC. Can tim hlnh 
chieu cua BC’ tren mat phing nay. 

Goi E, F lan li/Pt la tam c£c hlnh 
vuong ADD'A' va BCC'BC Trong mat 
ph^ng (A'B'CD) ke FH 1 EB' 

(H e EB') nen theo cau a, khi d6 
FH 1 BC' hay FH 1 AD'. Vay 
FH 1 (AB'D'). Do do hlnh chicu cua 
BC tren mat phSng (AB'D') la dirtlng 



th^ng di qua H va song song vdi BC. 
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Pitting thiing do Celt AB' lai K. Tif K ta ve KI song song vdi HF eiH BC lai 
I. Ta co IK la dittfng vuong goc chung cua AB’ va BC. Xet tarn giac 
vuong BFB' ta co: 

1111 1 3 


FH 2 FE 2 4 FB' 2 a 2 + 


l a tinh di/ilc KI - FH = 


i/3 


/ a/2" 

2 ”, 


va SA = SB = SD 


Chu v. Khoang each giuTa hai dittfng thing cheo nhau AB' va BC bang 
khoang each giufa hai mat phlng song song (AB'D') va (BDC) lan ludt chufa 

hai dittfng thing cheo nhau do. Khoang each nay King ~ do d.li dittfng 
cheo A'C. (Ba i tap 5, §5) 

7. Cho hinh chop S.ABCD co day la hlnh thoi ABCD canh a co goc BAD = 60° 

■dS 

2 ' 

a) Tinh khoang each tiT S den mat phlng (ABCD) va do dai canh SC. 

b) Chtfng minh mil phlng (SAC) vuong goc vdi mil phlng (ABCD). 

c) Chtfng minh SB vuong goc vdi BC. 

d) Goi <p la goc giufa hai mat phlng (SBD) va (ABCD). Tinh tanep. 

6}iM 

a) Goi H hi hinh chieu vuong goc cua S tren mat phlng (ABCD). 


C 



Vay SC = 


iji 
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b) Ta c6 He AC, do d6 SH c (SAC). 

VI SHl(ABCD) ndn (SAC) l(ABCD). 

2 2 

c) Ta c6 SB 2 +BC 2 =^~- + a 2 ==-^~ = SC 2 . Vay tam giac SBC vuonj tai B 

4 4 

hay SB 1BC. 

d) Ta c6 OH 1 BD v& OS 1 BD n£n cp = SOH la g6c gififa hai m&t ph&ng 

(SBD) vh (ABCD). Khi d6: tan cp = — = • ~ = &. 

HO 6 aV3 

CAU HOI TRAC NGHI£M CHl/dNG III 

1. Trong c4c menh de sau day menh de n£o 1& dung ? 

(A) TO AB = 3AC ta suy ra BA = -3CA. 

(B) TO AB = -3AC ta suy ra CB = 2AC. 

(C) Vi AB = -2 AC + 5 AD nen bon diem A, B, C, D cung thuoc mot mail fh&ng. 

(D) Neu AB = --BC thi B la trung diem cua doan AC. 

Idl: AB = -2AC + 5AD nen A, B, C, D dong piling. (Chon C). 

2. Tim mpnh de sai trong c£c m6nh d£ sau d§y: 

(A) VI NM + NP = 6 nen N 1* trung diem cua doan MP. 

(B) VU & trung di£m cua doan AB nen tif mot diem O bat kl taco 01 =-(oA-OB). 

2 

(C) TOh£ ItiuTc AB = 2AC - SAD ta suy ra ba vectd AB, AC, AD dontg ?h&ng. 

(D) VI AB + BC + CD + DA=0 nen bon di<?m A, B, C, D cftng thiucc mpt 
m^t phlng. 

Ift: VI AB + BC + CD + DA = AA = 5 luon dung vdi moi A, B C, D. 
Chon (D). 

3. Trong cic ket qua sau day, ket qua nio dung ? 

Cho hlnh lap phifdng ABCD.EFGH c6 canh b&ng a. 

Ta c6: AB.EG b&ng 

(A) a 2 ; (B)a 2 72; 
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(C ) a~ v/3 : 


(D) 


a 2 n/2 
2 


AB EG = AB AC = AB.AC.cos4.V 


a.a 72. 

72 


a\ Chon (A). 


4. Trong cac mcnh dc sau day mcnh dc nao la dung 7 

(A) Ncu difdng thing a vuong gdc vdi difdng thing b va difdng thing b 
vuong goc vdi difdng thing c thi a vuong goc vdi c. 

(B) Ncu difdng thing a vuong goc vdi difdng thing b va dt/dng thing b song 
song vdi difdng thing c thi a vuong goc vdi c. 

(C) Cho ba difdng thing a, b, c vuong goc vdi nhau tifng doi mot. Neu co 
mot difdng thing d vuong goc vdi a thi d song song vdi b hoSc c. 

9 *> 

(D) Cho hai difdng thang a va b song song vdi nhau. Mot difdng thang c 
vuong goc vdi a thi c vuong goc vdi moi difdng thing nim trong mat 
phing (a, b). 

‘ZtJ Ufl: (A), (C), (D) sai. Chon (B). 

5. Trong cac mcnh dc sau day hay tim mcnh dc dung. 

(A) Hai m< 1 t phing phan biet cung vuong goc vdi mot mat phing thtf ba thi 
song song vdi nhau. 

(B) Ncu hai mat phing vuong goc vdi nhau thi moi difdng thing thuoc mat 
phing nay se vuong goc vdi mat phing kia. 

(C) Hai mat phing (a) va (p) vuong goc vdi nhau va cit nhau theo giao 
tuycn d. Vdi moi diem A thuoc (a) va moi diem B thuoc (p) thi la cd 
difdng thing AB vuong goc vdi d. 

(D) Ncu hai mat phing (a) va (P) deu vuong goc vdi mat phing (y) ihi giao 
tuyen d cua (a) va (P) ncu cd se vuong gdc vdi (y). 

tin: (A), (B), (C) sai. Chon (D). 

6 . Tim mcnh dc sai trong cic mcnh de sau day: 

(A) Hai difdng thing a va b trong khong gian cd cac vectd chi phifdng lan 
lifUt la 0 vj v. Dicu kien can va du dc a va b cheo nhau la a va b 
khong co diem chung va hai veetd u , v khong cung phifdng. 

(B) Cho a, b ia hai difdng thing cheo nhau va vuong gdc vdi nhau. Difdng 
vuong gdc chung cua a va b nim trong mat phing chtfa difdng nay va 
vuong gdc vdi difdng kia. 

(C) Khong the cd mol hinh chop ttf giac S.ABCD nao cd hai mat ben (SAB) 
va (SCD) ciing vuong gdc vdi mat phing day. 
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(D) Cho u, v la hai vectd chi phifdng cua hai dUOng thing clt nhau nlin 

trong mat phlng (a) vd n Id vectd chi phtfdng cua dtfdng thing A Dieu 
kipn can va du de A ± (a) la n . u = 0 va n . v = 0. 

Lit: (A), (B), (D) dung. Chon (C). 

7. Trong cdc menh de sau day menh de ndo Id dung ? 

(A) M0t dtfdng thing clt hai di/dng thing cho trtfdc (hi cl ba dtfdng thing do 
cilng nlm trong mpt mat phlng. 

(B) Mpt dtfdng thang clt hai dtfdng thing clt nhau cho trtfdc thi ca ba dtfdng 
thing dd cung nlm trong mot mat phlng. 

(C) Ba dtfdng thing clt nhau ttfng doi mot thi cung ndm trong mot mat phlng. 

(D) Ba dtfdng thing clt nhau tfrng doi mot va khong ndm trong mot mat 
phlng thi dong quy. 

Lit: (A), (B), (C) sai. Chon (D). 

8 . Trong cdc mpnh de sau, menh de nao la dung ? 

(A) Hai dtfdng thing phan biet cung vuong gdc vdi mpt mat phlng thi song song. 

(B) Hai mat phlng phan biet cung vuong goc vcfi mot mat phlng thi song song. 

(C) Hai dtfdng thing phan biet cung vuong goc vdi mot dtfdng thing thi song song. 

(D) Hai dtfdng thing khong clt nhau va khong song song thi chdo nhau. 

Lit: (B), (C), (D) sai. Chon (A). 

9. Trong cdc mpnh de sau, menh de nao la dung ? 

(A) Hai dtfdng thing phan biet cung song song vdi mot mat phlng thi song 
song vdi nhau. 

(B) Hai mat phlng phan bipt cung vuong gdc vdi mot mat phlng thi clt nhau. 

(C) Hai di/dng thing phan biet cung vuong gdc vdi mot dtfdng thing thi 
vuong gdc vdi nhau. 

(D) Mpt mat phlng (a) va mdt dtfdng thing a khong thuoc (a) cung vuong 
gdc vdi dtfdng thing b thi (a) song song vdi a. 

Lit: (A), (B), (C) sai. Chon (D). 

10. Tim mpnh de dung trong cdc menh de sau day. 

(A) Doan vuong gdc chung cua hai dtfdng thing cheo nhau Id doan ngln 
nhat trong cdc doan thing noi hai diem bat ki lan ltfdt nlm tren hai 
dtfdng thing ay vd ngtfdc lai. 

(B) Qua mot diem cho trtfdc cd duy nhat mot mat phlng vuong gdc vdi mot 
mat phlng cho trifdc. 
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(C) Qua mot diem cho truVic c6 duy nhai mot dicing thing vuong goc vdi 
mot dicing thing cho triTdc. 

(D) Cho ha dufrng thing a, h, c cheo nhau li/ng doi mot Khi do ha difctng 
thing m3y sc nim trong ha mat phing song song vdi nhau tifng doi mot. 


m l&l: (B), (C), (D) sai. Chon (A). 

11. Khoang each giufa hat canh doi cua mot tuT dien deu canh a hing ket qua 
nao »rong cac ket qua sau day: 


(A) 


3a 


(B) 


aV2 


(C) 


i>/3 


(D) ajl. 


Leri: Xem hai tap 8 muc §5 chi/Ong III. Chon (B). 


BAI TAP ON TAP CUOI NAM 

1. Trong null phing toa do Oxy, cho cac diem A(l; 1), B((); 3), C(2; 4). Xac 
djnh anh cua tarn giac ABC qua cac phep hien htnh sau: 

a) Phep tinh lien theo veetd v = (2; 1). 
h) Phep doi xufng qua true Ox. 

c) Ph6p doi xufng qua tarn 1(2; 1) 

d) Ph6p quay tam O goc 90°. 

e) Phep dong dang co difdc hang each thife hien lien tiep phep doi xufng qua 
true Oy \h ph6p vj tir tam O it so k = -2. 

tjlai 

Got tarn giac A'B'C la anh cua tam giac ABC qua cac phep hien htnh tren. 

, = 2 + x 

a) Bteu thufc toa do < 

■ [y =1 + y 

Anh cua A, B, C qua T, lan liftH 1 h A’(3; 2), B’(2; 4), C(4; 5). 

, ( X* — X 

h) Bicu thut loa do < 

ly =-y 

A'( 1; — 1), B'(0; -3), C(2;-4). 

f %' =r 4 — X 

c) Bteu thufc toa do \ 

' 1 y' = 2-y 


A’(3; I). B’(4; -1), C'(2; -2). 
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d) Ve hinh ta difdc A’(-l; 1), B(~3; 0), C(-4; 2). 

e) Ve hinh ta difdc A’(2; -2), B (0; -6), C(4; -8). 

2. Cho tam giic ABC noi tiep difdng trdn tam O. Goi G vi H tifdng tfng la trong 
tam vi trifc tam cua tam giic, cic diem A’, B\ C lin lifdt lit trung diem cua 
cic canh BC, CA, AB. 

a) Tim phep vi tif F bien A, B, C tifdng tfng thinh A 1 , B\ C. 

b) Chtfng minh ring O, G, H thing hing. 

c) Tim anh cua O qua phdp vi tif F. 

d) Goi A", B", C” lan lifdt la trung diem cua cic doan thing AH, BH, CH; 
A r B,, Cj theo thtf tiX la giao diem thur hai cua cic tia AH, BH, CH vdi 

difdng trdn (O); A', Bj, C' tifdng tfng li chan cac difdng cao di qua A, B, 


C. Tim anh cua A, B, C, A,, B p C, qua phep vi tif tam H ti so 


e) Chiirng minh chin diem A 1 , B\ C\ A\ B'\ C\ AJ, B], C\ ctfng thuoc mot 
difdng trdn (difdng trdn nay goi la difdng trdn Cf-le cua tam giic ABC). 


a) F li phep vi tif tam G, ti so 



b) Be y ring O la trifc tam cua tam giic A’B'C. 

c) F(0) = O, li trung diem cua OH. 


d) Anh cua A, B, C, A |f B |t C, qua phdp vi tif t3m H ti so - tifdng tfng li 


a”,b\c\ a;,b;,c;. 


e) Chtfng minh A M , B", C\ A], B|, CJ edng thude difdng trdn (O f ). Sau 66 
chtfng minh A\ B\ C cung thuoc difdng trdn (O,). Ching han, chtfng 
minh 0,Aj = 0,A'. 


3. Cho hinh ch6p S.ABCD cd diy ABCD la hinh thang vdi AB la diy Idn. Goi 
M la trung diem cua doan AB, E 13 giao diem cua hai canh b&n cua hinh 
thang ABCD vi G ii trong tam cua tam giic ECD. 

a) Chtfng minh ring bon di£m S, E, M, G edng thuoc mot mit phing (a) vi 
mit phing niy cit ci hai mit phing (SAC) vi (SBD) theo edng mot giao 
tuyen d. 

b) Xic dinh giao tuyen cua hai mil phing (SAD) vi (SBC). 

c) Lay mot diem K tren doan SE vi goi C = SC n KB, D' = SD o KA. 
Chtfng minh ring giao diem cua AC vi BD’ thuoc difdng thing d noi tren. 
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6jiAi 

a) Coi N la giao diem cua EM va CD 

Vi M la trung diem cua AB nen 
N la trung diem cua CD (do 
ABCD la hinh lhang) 

z? EN di qua G 
=>S,E,M,G e (a) ~(SEM). 

Coi O la giao diem cua AC va BD. 
Ti co (a)n(SAC) = SO 
vi (a)n(SBD) = SO = d 
h) Ti co (SAD) r\ (SBC) = SE. 

c) Coi O' = AC' n BD'. 

Ti co AC' c (SAC), BD' c (SBD) 

O* e SO = d = (SAC) n(SBD). 


S 



E 


4. Chiohinh lang tru ttf giac ABCD.AB'CD' co 
E, F M va N lan li/cn la trung diem cua AC, 

BD, AC va BD'. Chufng minh MN = EF. 

6jUi 

Tift gac ACC A* la hinh hinh hhnh nen AC 
v& AC dh nhau tai trung diem M cua moi 
dtffftrg. Ti/dng tif BD N va B D dft nhau tai 
iruim diem N cua moi dif&ng. 

Tai c>: 

ME// CC 

ME = ~ CC' (ME \k di/dng trung hinh cua tarn gi£c ACC'). 

Ttffdig tif, trong tam giric DBB', ta co: 

NF//BB' 

NF = -BB'. 

2 

Tuff gdc MNFE la hinh hinh hanh nen MN = EF. 
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5. Cho hinh lap phuftfng ABCD.AB'CD’ c6 E va F lan li/cU la irung diem ;ua 
ede canh AB va DD\ Hay xac dinh cac thiet dien cua hinh lap pht/ongedt 
bdi ede mat phdng (EFB), (EFC), (EFC') va (EFK) vdi K la trung diem :ua 
canh B'C'. 

Cjuil 

Goi Id hinh lap phiTdng. 

(EFB) n r / = ABIF vdi FI // AB (hinh a) 

(EFC) r\ r /= ECFH vdrCF// EH (hinh b). 

(EFC) n = EMC'FL vdi EM // FC va FL // CM (hinh c) 

Goi E' la hinh chieu vuong goc cua E tren mdl phdng (A B’CD ). 

Goi N = EF n E'D\ P = NK n CD'. Ve ER // KP, EQ // FP, ta cd thiet cien 
Id hinh luc giac deu ERFPKQ (hinh d) 
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6. Cho hinh lap phifdng ABCD.AB’CD' c 6 canh bing a. 

a) i (ay xac dinh di/dng vuong goc chung cua hai during thang cheo nhau BD* 
va B C. 

b) I inh khoang each cua hai difftng thang BD' va B'C 

tflal 


a) l a co 


B'C 1 BC' | 
B'C 1 D'C'J 


B'C ± (D'C'B). 


Goi 1 la tarn hmh vuong BCCB\ 

Trong m t 1t phing (BCD') ve IK 1 BD' tai K. 

Ta co IK la di/dng vuong goc chung cua BD' va B'C. 
b) Goi O la trung diem cua BD’. 



7. Cho hinh thang ABCD vuong tai A va B, co AD = 2a, AB = BC = a. Tren tia Ax 
vuong goc vdi mat phing (ABCD) lay mot diem S. Goi C', D’ lan ltfdt la 
hinh chieu vuong goc cua A tren SC va SD. Chufng minh ring: 

a) SBC - SCD - 90°. 

b) AD', AC va AB cung nim tren mot mat phing. 

c) Chtfng minh ring dtfcfng thing CD' luon luon di qua mot diem co dinh khi 
S di dong tren tia Ax. 

(yjlal 

f BC 1 AB 

a) Ta co \ => BC 1 (SAB) 

[BC-LSA 

BC 1 SB —> SBC = 90°. 
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Goi K la trung diem cua AD ta 

co CK = AB = — AD nen tam 
2 

gidc ACD vuong tai C. 
fCD± AC 

Ta c 6 \ => CD 1 (SAC) 

[CD ISA 

=> CD 1 SC => SCD.= 90° 

b) Trong mat phing (SAC) ve AC 1 SC va 
trong mat phing (SAD) ve AD' 1 SD. 

Ta c6 AC' 1 CD (vi CD 1 (SAC)) 

va AC’ 1 SC nen suy ra AC 1 (SCD) 

=> AC 1 SD, 

Talaico AB 1 AD va AB1SA 

nen AB1(SAD)=> AB1SD 

Ba dt/dng thing AD', AC va AB cung di qua diem A va vuong goc vdi 
SD nen cung n&m trong mat phing (a) qua A va vuong gdc vdi SD. 

c) Ta c6 C’D' la giao tuyen cua (a) vdi mat phing (SCD). Do dd khi S di 
dpng tren tia Ax thi C'D' luon luon di qua diem 1 co dinh la giao diem cua 
AB va CD. 

(AB c (a), CD c (SCD) I € (a) n (SCD) = CD'). 
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Mgc Lyc 


CNlffNG L PHiep dH hind v* ph 6p ding dang irong mil piling 

§1. Phep bien hinh. 5 

§2. Phep tinh tien.5 

§3. Phep doi xOng trgc.7 

§4 Phep doi xifng tim.10 

§5. Phep quay.11 

§6 Khii niem ve phep dpi hinh vi hai hinh bing nhau.13 

§7. Phep vi li/.15 

§8 Phep dong d$ng.17 

Bai tip on tap chudng I.19 

Cau h6i trie nghiem chudng 1.22 

CH0MGIL among thing vi rail piling troop kbdag plan. Qnan hf song song 

§1 Dai cuong ve di/dng thing va mit phing .25 

§2 Hai duPng thing cheo nhau va hai duPng thing song song.32 

§3. DuPng thing va mat phing song song .35 

§4. Hai melt phing song song.39 

Bai tip on tap chudng II..45 

Cau hoi trie nghiem chuong II.47 

CM0MB Ut V tecta irong kbftng plan. Qnan h$ vndng goc irong kbOng glan 

§1 Vectd trong khdng gian.51 

§2. Hai duPng thing vuPng goc.57 

§3. DuPng thing vuong goc vPi mit phing. 62 

§4. Hai mit phing vudng gpc.68 

§5 Khoing cich.76 

Bai tip 6n tap chudng III.81 

C&u hoi trie nghiem chuong III.86 

Bai tip 6n tap cuoi nam .89 
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